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PREFACE TO THE FIRST EDITION 


Tur main object of this little volume is to present the chief prin- 
ciples and theorems of theoretical mechanics in the language of 
vectors, and thereby to contribute to the diffusion of the use of 
vectorial methods. No space has been devoted therefore to any 
discussion of the philosophical aspect or of the origin of such con- 
cepts as ‘mass,’ ‘force,’ ‘ work,’ and so on, or to any description 
of the long and laborious route which, in the historical development 
of mechanics, has led to the fundamental principles of this branch 
of science, and especially to d’Alembert’s Principle, nor of those 
routes which, in modern treatises, are supposed to lead to them, 
Ἂς Temphasize d'Alembert’s Pri nciple rather than any other equivalent 
“to it, because it is from this that a start is here made. 
wf our object were simply and solely a translation of mechanics 
into the language of vectors, we could indeed begin anywhere. But 
this book is not intended merely to present a loose juxtaposition 
of mechanical theorems and of their vectorial formulae. On the 
contrary, after the enunciation, in the first section of Chapter I. 
of the principle mentioned already we shall be able to proceed by a 
continuous, deductive road, so that those readers who are acquainted 
with little more than d’Alembert’s Principle will find here an almost 
systematic exposition of the chief parts of mechanics, Again, other 
readers who know the subject thoroughly, but only in its Cartesian 
form, which is based on the consideration of the scalar components 
of displacements, velocities, forces and so on, may perhaps wish to 
see their knowledge translated into vectorial language, which—to 
say the least—is considerably shorter and more satisfactory to the 
imagination than the scalar language. 
In this work, only such problems will be treated as are not 
beyond the region proper to the vector language ; and consequently 
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everything which has no space-directional character will, with few 
exceptions, be omitted. 

Those readers, who are already acquainted with the elementary 
parts of vector algebra and analysis, may proceed at once to 
Chapter II.; to those who are not, may be recommended ὁ The 
elements of vectorial algebra and analysis’ in Chapter HL, Vol. L., of 
Oliver Heaviside’s excellent book: Electromagnetic Theory, London, 
1893, or E. B. Wilson’s Vector Analysis, etc., founded upon lectures 
of J. W. Gibbs, New York and London, 1902, or the two sections of 
our Chapter L, in the first of which I have endeavoured to develop 
the fundamental concepts of Vector Algebra, and in the second the 
most important of the Differential and Integral Properties of Vectors. 
These sections taken together will contain, I hope, all that is needed 
for our mechanics, and possibly also for general Mathematical 
Physics. 

Chapters II.-VI., of which a certain part formed the subject of a 
series of articles by the author, published a few years ago in a 
Warsaw weekly (Praeglad Technicany, i.e. ‘ Technical Review ’), 
contain the General Principles of mechanics and their consequences, 
e.g. the three Special Principles and the essential part of the 
dynamics of Rigid and of Deformable Bodies, closing with Hydro- 
dynamics. 

The not very numerous collection of Problems and Exercises may 
be useful in connexion with the various chapters, and the Appendix 
containing a kind of Vectorial-Cartesian dictionary to the whole 
volume may be helpful to freshmen in vectorial language. 

I gladly take the opportunity of expressing my sincere thanks to 
my friend Prof. A. M. Worthington, C.B., F.R.S., to Mr. J. F. 
M‘Kean of the Royal Naval College, Dartmouth, to Profs. I. J. 
Schwatt and George H. Hallett of the University of Pennsylvania, 
Philadelphia, and to Profs. Alfred W. Porter, F.R.S., and R. A. 
Gregory, London, for their kindness in reading the MS. and the 
proofs, and to the Publishers for the care they have bestowed on 


my work, . 
q ee 


ΤΌΝΟΝ, jine, 1913. 


PREFACE TO THE SECOND EDITION 


Tuts edition differs from the first one only by the inclusion, at the 
end of the volume, of some Miscellaneous Notes. Two of these 
contain minor remarks, one gives a projective or non-metrical 
generalization of the concept of vector equality, another contains 
a concise exposition of the theory of linear vector operators, and 
the last gives a simplified vectorial deduction of the properties of 
Fuler’s angles determining the orientation of a rigid frame. 

It is hoped that the book, apart from giving a short but, perhaps, 
essentially complete exposition of Mechanics, will still serve as a 
useful introduction to the Algebra and Analysis of Vectors and the 
handling of their applications. 

My thanks are due to the Publishers and to the Printers, Messrs. 
MacLchose of Glasgow, for the care bestowed on the present edition 
of the book. 
| eh 


Rocnester, N.Y., September 29, 1925. 
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CHAPTER 1. 
ELEMENTS OF VECTOR ALGEBRA AND ANALYSIS. 


Vector Algebra. 


Any magnitude which has s/se, in the ordinary algebraic sense of 
the word, as well as direction in space, is termed a veetor,* whereas 
the common algebraic magnitudes, which have nothing to do with 
direction in space, which have no directional properties, but are 
each determined completely by a single (real) number, are called 
scalars. ‘I'he typical case of a vector and, in fact, the intuitional 
representative of amy vector, is a segment of a straight line of some 
definite length and of some definite direction? in space, the size 
of the vector being represented by the length, and its direction by 
the direction of the straight line. 

Thus, the displacement of a particle from some initial to some 
other final position is a vector, and is represented by the segment 
of the straight line joining the two positions and directed from the 
first to the second. Other examples of vectors are the instantaneous 
velocity of a particle, its acceleration, its momentum, the force 
acting on a particle, also the instantaneous rotational velocity of, ᾿ 
say, a rigid body round a given axis, and so on. On the other 
hand, mass (in classical mechanics ἢ), temperature, τὴς vfva, energy 
in general; gravitational, electric or magnetic potential (of fixed 


* As to the clause: ‘if it obeys a certain rule of operation,’ which some modern 
writers add to the definition of a vector, see footnote on page 4. 

The term ‘ magnitude’ is used above in the same sense as the more usual term 
“quantity’; thus ‘directed magnitude’ stands for ‘ directed quantity.’ 

+ Its sense being included. 


+ This reservation is necessary, as the electromagnetic mass of a moving electron, 
for example, has directional properties, the ‘transversal mass’ being generally ἡ 
different from the ' longitudinal mass.’ 

V.M. A 
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charges or magnets), mechanical or any other kind of work—are 


all scalars. 


The size of a vector, or magnitude (absolute value) apart from 
direction, is called its tensor, or sometimes ‘intensity.’ Thus, the 
tensor of a vector is an essentially fosiftve scalar__ 

Every vector can be determined completely by three scalar 
quantities, for instance, by its projections on any three fixed axes, 
orthogonal or oblique, but not coplanar,—these projections being 
commonly called the vector’s ‘components’; for example, the 
components of a force or the components of a velocity. We also 
may use polar coordinates, that is to say, we may define the tensor 
of a vector by the scalar 7, and the direction by two other scalars, 
Ze. by two angles 4, ε, say the geographical latitude and longitude. 
In this way we get again -three mutually independent scalars 
determining a single vector. | 

Obviously, such a decomposition of a vector into its three com- 
ponents or, more generally, into three mutually independent scalars, 
will in the majority of cases bring in some artificial elements, 
especially if the system of reference (axes, etc.) or the scaffolding 
constructed round the natural entities or phenomena be chosen 
quite at random without having anything in common with the 
essential characters of these entities or phenomena. Very often 
such a procedure gives rise to a hopeless complication of the 
resulting scalar formulae, a complication which does not arise 
from the intrinsic’ peculiarities of the phenomena in question, 
but is wholly artificial, a complication not due to Nature but 
to the (mathematizing) naturalist. Now, Nature is of herself won- 
derfully complicated; so that supplementary complication is not 
wanted. 

This remark alone may suggest that to operate with vectors, each 
taken as a whole, without decomposing them into scalar components, 
may be more convenient and more simple, especially in those regions 
of research in which we are concerned mainly with vectors or directed 
magnitudes, as in Electromagnetism and in General Mechanics. 
But a true appreciation of the advantage of the vector method over 
the Cartesian (or scalar component) procedure is possible only when 
we see it actually at work, and the main object of each of the 
following chapters is to exhibit this working in Mechanics. Still 
more conspicuous is the service done by the vector method in 
Electromagnetism, especially in the hands of Oliver Heaviside, to 
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whom also 15 due that simplified form of this mathematical method, 
which in its main features we shall now develop. 

Definition 1. By saying that two vectors are egua/ to one another 
we mean that their /exsors are equal and that they have the same 
direction, or, what is the same thing, that their representative 
straight line-segments have the same lengths and are parallel to 
one another and similarly (not oppositely) directed; but the 
equality is independent of their position in space. 

According to this definition, the shifting of a given vector parallel 
to itself is quite immaterial, or. does not change the vector. 

Thus, all the vectors represented on Fig. 1 are to be considered 
as equal to one another. The parallel shifting of a vector, which 
by convention leaves it the same, is, of course, not confined to one 


plane. 


Fic. 1. 


Following the example of Heaviside and Gibbs vectors will be 
printed in heavy type (Clarendon), and their tensors will be denoted 
by the same letters printed in ordinary type (or simple éa/tes). 
Thus Ay B,C, εἴς, 
will be the tensors of the vectors 

A, B, C, etc., 


respectively. | 
If the tensor of a vector, say a, be equal to warty (in a given 
scale), 2.2. if a=I, 


then the vector a is called a unit-vector. 

By the definition, every tensor is an absolute or fosz#ve number. 
It has, of course, the same denomination as the physical, or geo- 
metrical, quantity represented by the vector, ze. if A be a velocity, 
then A signifies so many centimetres per second, and similarly in 
all other cases. 

We pass now to the fundamental operations of vector algebra. 
These are: the addition of two vectors, and its inverse, the 
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subtraction of one vector from another, and two different kinds 
of multiplication, the scalar and the vector multiplication of two 
vectors. (The division, ἐξ. the quotient of two vectors, belongs 
to the Calculus of Quaternions, due to Hamilton, and has nothing 
to do with Heaviside’s and Gibbs’ vector method to be developed 
here, notwithstanding that the latter has grown out of the former, 
historically.) 

Let us begin with the operation of addition and its result, the 
sum of two vectors. 

Definition π. If the end of the vector A coincides with the 
beginning of another. vector B, then we call sum of A and B 
and denote by A+B 
a third vector R which runs from the beginning of A to the end 
of B (Fig. 2).* 


R 


A 


Fic. 2 


This definition of sum seems at first too narrow, as far as it 
appeals to the chain-arrangement of the two vectors; but in fact it 
embraces the concept of the sum of amy two vectors. For, if B or 
its representative line be originally given in a quite arbitrary manner 


* What we have called above a vecfor, without any further reservation, is by 
some modern authors called generally a directed guantity, whereas the term vector 
is reserved for a subclass of directed quantities. Thus, Prof. Love in his 
Theoretical Mechanics (20d edition, Cambridge Univ. Press, 1906; pp. 8, 9) 
gives the following definition of a vector: 

‘A vector may be defined as a directed quantity which obeys a certain rule of 
operation.... This rule may be divided into two parts and stated as follows: 
(1) Vectors represented by equal and parallel lines drawn from different points in 
like senses are equivalent. (2) The vector represented by a line AC is equivalent 
to the vectors represented by the lines 48, AC, the points A, 4, C being any 
points whatever.’ 

Thus, the ‘rule of operation,’ implied in, and being ‘an essential part of the 
definition’ of a vector, comprises our Definition 1. (of equality of two vectors) 
and Definition II. (of vector-sum). The rule of operation is embodied in the 
quoted definition of a vector itself, obviously, for the sake of exclusion of such 
‘directed quantities,’ as the (finite) rotation about an axis, which do not obey that 
rule (and which, therefore, according to that definition, are wef vectors). 

Of course, there is no serious objection to such a definition and nomenclature. 
But, for didactic and other reasons, it seemed to me preferable to adopt for the 
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relatively to A, we can always shift it parallel to itself (which is 
allowed by Definition I.) till its beginning is brought into coincidence 
with the end of A. 

For the same reason we see that the sum of two vectors A, B 
starting from the same origin O is given by the diagonal OF of 
the parallelogram constructed on the addends A, B (Fig. 3). For, 
by Def. I, Β' - Β, since A =F and B’ttB (ἐε. Β΄ parallel to and 
concurrent with B), in Euclidean space, of course. 


Fic. 3. 


Again, in the same parallelogram, A’ =A (since 4’ = 4 and A’t +A), 
and therefore B4+A=B+A'=R=A+B’=A+B; 
hence, for any two vectors, 
A+B=B+A. 


present volume the usual definition (vector=directed quantity or directed magni- 
tude), leaving it an open question, to be decided in each particular case of 
application, whether the parallel shifting of a vector is or is not physically 
indifferent and whether the sum of two vectors A+B, taken according to Def. IL, 
does or does not represent the physical resultant or the joint effect of the two 
agents or ‘quantities’ represented separately by Aand B. Thus, if A, B represent 
two rotations of a rigid body, namely through the angles 4, A and about the 
axes a, Ὁ, respectively, we will still call them vectors and A+B their vector-sum, 
though this last vector does ποῦ represent the resultant rotation of the body due to 
the first rotation followed by the second, nor the second followed by the first 
(unless the axes are coincident or the angles of rotation infinitesimal). And 
similarly in other cases. This can hardly give rise to misunderstanding. 

Notice that if we were to introduce the more restricted definition, (embodying 
the ‘rule of operation’) and if we wished to be rigorously co AuERs, we would 
find the same difficulties with regard to scalars or ordinary qi&ntities. Thus, 
energy, say the electrical energy of a given field, would not deserve the name of 
ascalar; for, if ζῆ, ( be the energies of two electrical fields, U’,+ 0, does not 
represent the energy of the resultant field obtained by their superposition (unless 
the fields 1, 2 are mutually perpendicular), The same remark could be applied to 
the mass, say, of an electron at rest relatively: to the observer (when it is deprived 
of directional properties) ; for the sum of the masses of two electrons is not equal 
to the mass of the pair of electrons (unless they are very far apart). Still, calling 
these entities scalars or (denominated) numbers, and operating on them as such, 
has never led to any trouble. 


crt, 
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Now, the sum of two vectors being again a vector, A+B=R, 
we can add to R any third vector, thus getting 
R+C=(A+B)+C=C+(A+B), 
Again, arranging A, B, C in a chain, 1,6. so that the end of A is 
the beginning of B, the end of B the beginning of C, we see at 
once (Fig. 4) that , 
A+B+C=(A+B)+C=A+(B+0), 


the result being always the same, namely to get from the beginning 
of A to the end of C. The same thing is true for the sum of four, 
five and more vectors. Thus we get the following theorem: - 


Theorem 1, ‘The addition of vectors is commutative and associative, 
“δ. neither the order nor the grouping of the addends has an 
influence on the sum of any number of vectors. 


Thus, the fundamental laws of ordinary algebraic summation of 
scalars hold good for’ vectors, without any reservation whatever. 

lf, m a chain-like arrangement of any number of vectors, the 
end of the last coincides with the beginning of the first vector, then 
the sum of all these vectors is md. Thus, in Fig. 5, 


A+B+C+D+E=o, 
4 σ 
Ε 
Β 
A 
Fic. 5. 


A vector is #i/ or sero, R=o, if its tensor vanishes, R=o. In 
fact, this remark is scarcely necessary. 

The sum of any number of vectors having the same direction 
(i.e. of vectors parallel and of the same sense) is a vector of the 
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same direction. In this particular case the tensor of the sum is 
equal to the sum of the tensors. Thus, the common sum 15 a 
particular case of the vector-sum. 

Now, let us take the case of two or more equal vectors; then 
we see at once that A+A or 2A 


ig a vector of the same direction as A but of twice its tensor, 
ie. 24, and that analogous properties belong to 3A, 4A, and so 
on. Again, understanding by }A, 4A, etc., vectors which, repeated 
2, 3, etc., times (as addends), give the vector A, and recurring to 
the generally known limit-reasoning, we obtain the meaning of 
nA, 

where # is any real positive * scalar number, whole, fractional or 
irrational. ‘Thus, #4 will be a vector which has the same 
direction as A and the tensor of which is 2d. In other terms, 
n& will be the vector A sérefched in the ratio a: 1. 

Thus, if a be a usit-vector having the direction of A, remembering 
the definition of tensor, we may write 

A= Aa. 

Any vector A may be represented in this way. Now 4 is one 
scalar, and a implies two scalars, for instance the angles 6, ε; thus 
we see again that any vector implies 1+2= 3 scalars, 

The addition of two (or more) vectors may be illustrated most 
simply by regarding them as defining translations In space of, say, 
a material particle. The translation A carries the particle from 
δ ?’ (Fig. 6), the subsequent translation B carries it from 7’ to 7’. 


- 


Fic. 6. 


The result of A followed by B, or of B followed by A, zc. A+B 
or B+, is to carry the particle from f to 2", Similarly, if A, B 
be velocities of translation, A+B will be the resultant velocity. 
‘The same applies to angular velocities, to accelerations or forces. 
If A, B denote two forces acting simultaneously on a material 


* Negative scalar factors x will be considered later. 
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particle, A+B will be the resultant force acting on that particle. 
The well-known ‘parallelogram law’ of forces appears only as an 
example of the parallelogram construction (Fig. 3) and the corre- 
sponding commutative property A+B=B+A. But it must always 
be kept in mind that exferience only can teach us whether any 
given physical quantities will or will not behave like vectors, and 
whether their physical ‘resultant” or joined effect will be given 
by the sum of the corresponding vectors. 
Now for the subtraction of vectors. This is the inverse of addi- 
tion, and therefore will be defined precisely as in common algebra. 
Definition 1. We call difference of two vectors A, B and denote 
by A-B } 
such a vector ©, which added to B gives A. 
In other words, we say that 
C=A-B, 
if B+C=A. 
Herefrom we see at once that if A, B are arranged to be co-initial, 
δέ. to have the same origin O (Fig. 7), the vector C=A-B runs 


) (Def. IIL.) 


Fic. 7. 


i from the end of B to the end of A. Remembering what has been 
| said above, we see now that | 

A+B and A-B 
represent the wo diagonals of the parallelogram which is constructed 
upon A and B as sides, according to Fig. 8. 
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Again, from the parallelogram construction (Fig. 7), we see that 
C=C'=A+B, 

where Β΄ has the same tensor as B but the offosite sense. This 
gives us another simple rule for constructing the difference of two 
vectors. 

Comparing the last equation with the above definition, we have 

A+B’ =A-B, 

so that ~B means the same thing as +B’, “ec. the oppostte* of B. 

The same thing follows also immediately from the above definition 
(Def. ITI.) written out for the particular case A=o0; for then we 
have C=0-B=-B and B+C=o; 
hence B+(-—B)=0, 
that is to say, -B is the vector which runs from the end of B to 
its origin, and this is precisely what has been called the “ opposite” 
of B. 

Thus, for any two vectors A, B, 

A-B 
means the same thing as A-+(-—B), 
and the subtraction is therefore reduced to the addition of vectors. 
Hence, if the scalar 7 be a negative number, then 
a 


means the vector A turned through 180°, and then stretched in 
the ratio |#{|:1, or, what is the same thing, first stretched in this 
ratio and then turned. 

Thus the meaning of the product of a vector ὧν amy scalar ” is 
fixed. The concept of such a product does not imply, in fact, 
any new concepts besides the vector sum or vector difference. 

But now we will pass to the conception of other products, 
namely, of products of a vector by a vector, which are #of reducible 
to the conception of the vector sum. ‘These products are, as already 
remarked, of two different kinds, the sea/ar- and the vector-product 
of two vectors. Both of them, susceptible of far-reaching appli- 
cations, belong, together with the vector sum (and difference), to 
the most fundamental concepts of Vector Method. Let us begin 
with the former of these two products of a pair of vectors. 


* That is, B ¢urned dy 180", in any plane passing through B. 
t|#| means, generally, the adso/ute value of n. 
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Definition IV. ‘The scalar product of a pair of vectors A and B, 
whose included angle is 6, is defined to be the scalar AB cos θ, 
and is denoted by ΑΒ. Thus (see Fig. 9) 


π᾿ = 


A 
Fic. 9. 
AB = AB cos 6, 

A, B being the tensors of A, B, as explained above. 

We may say, equivalently, that AB is the component of A taken 
along B, multiplied by the tensor of B, or, what is the same thing, 
the component of B taken along A, multiplied by the tensor of A. 

First of all, we have, according to the definition itself, 


BA = AB, 
that is, the order of the factors in the scalar product is quite 
immaterial, or more concisely, the scalar product is commucfative, 
precisely as an ordinary algebraic product. 

If θ«Ξ, then AB is positive, and if 55», then AB is 
negative. 
If A, B are normal or perpendicular to one another, ie, if =" 
then AB=o, | 
independently of the tensors of the two vectors. . Conversely, if 
AB=o, then we can infer only that 

| ALB, 

and not that one of the factors vanishes. ‘This is an important 
difference between the scalar product of a pair of vectors and the 
ordinary algebraic product. 

If A, B have opposite directions, then cos @= -- τ, and 

AB=-AB. . 
If AY B have she same directions, then cos @=1, and 
AB= AB. 

In this particular case the scalar product of ἃ pair of vectors 

degenerates into the algebraic product of their tensors. 


*This is Heaviside’s notation ; Gibbs writes for the scalar product A.B. 
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If B=A, then AB becomes what may be called the scalar square 
of the vector A, and may be written 


AA = A*= A". 
Hence, if a be any wnit-vector, then 
a? = aq? = 1. 


Conversely, if a®=1, we can infer om/y that a is a unit-vector 
without ascertaining anything about its direction in space. 
If a, b be a pair of unit-vectors, then 


ab = cos 8=cos (a, Ὁ). 


Since AB is a scalar, its multiplication by another scalar » or 
by a vector C does not present any difficulty. ‘Thus, ,AB or ABn 
means the same thing as #(AB) or (AB), that is # times AB or 
AB times #; again (ΑΒ) 


means AB times C, ze. Βτοβθ. 6. (The parentheses above are to 
be considered as separators.) But, of course, we must not confound 


(AB)C with A(BC) or B(CA), 
and therefore the brackets (or some other separators, as dots used by 
Heaviside) are quite indispensable. 
Observe that, A, B, C, D, etc., being any series of vectors, 
we have AB =scalar, 
(AB)C = vector, 
(AB)CD =scalar, etc., 


that is to say, by introducing fresh vector factors we get alternately 
scalars and vectors. (This will be contrasted afterwards with the 
other kind of multiplication, the vector multiplication of vectors 
by vectors.) 

In various branches of physics scalar products frequently have 
reference to energy, or work, or activity, Ze. work per unit time. 
Thus, if P be a mechanical force and s the displacement (say, 
infinitesimal) of its point of application, then /.cos(F, 8).s, ie. 
the scalar product Fs 


is the work done by the force F. If, F having the same meaning 
as above, v is the velocity of its point of application, then Fv is 
the activity of the force. Again, if E be the electric force and D 
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the dielectric displacement (which in ariaeolotropic medium is not 
generally identical in direction with E), then 
sED | 

is the electric energy per unit volume. Similarly, half the scalar 
product of magnetic force and induction gives the magnetic energy 
per unit volume. In the special case of isotropy D is concurrent 
with E, namely Ὁ- ΧῈ 
the scalar X being the dielectric constant or ‘permittivity’ of the 
medium ; in this case the density of electrical energy becomes 

LAB’=1Xk £; 
and similarly for the magnetic energy. 

Let us now pass to the scalar product of a vector A, and the 
sum of two other vectors B+C©, which is fundamental in vector 
algebra. | 

By Definition IV., we have 

A(B+0)=4 x projection of (B+C) on A; 
but the projection of a sum of vectors on any direction or axis is 
seen immediately to be the same as the sum of the projections 
of the single vectors on that axis (see Fig. ro). Hence 


cad Ma 
Χ 
Q 

Ω 


τ ἄτα τῶ ἀπ ὧν ὑπ 
=. ἀπ ἄπ ἀπ ταὶ 


A 
Fi. τὸ, 
A(B+0C)=AAcos (A, B)+AC cos (A, C), 
that is to say A(B+C)=AB+ AC. 
Similarly, A(B+C+D+...)=AB+AC+AD+.... 
Thus we get the following theorem: 


Theorem I. The sca/ar multiplication of pairs of vectors and 


of vector-sums is commutative avd distributive. 
Thus, the scalar product of a pair of vector-sums is developed 
precisely as in ordinary algebra; for example, 
(A+B)(C+D)=AC+AD+BC+5ED. 
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Similarly, we have A(B-C)=AB-— AC, 
since B-C=B+(-C). 

Also (A+B)(A -B)=A°?- B= 4?- J’, 
which the reader may put easily into the form of a geometrical 
theorem, remembering that A+B and A-B are the diagonals 
of the parallelogram constructed on A, B. 

Another example is 

(A+B)? = 4? + 2AB + 5°, 
and, particularly, if A.B, 
(A+B)? = 4? + 5, 
which is simply the theorem of Pythagoras. 

But as this book will be full of illustrations of the use of the 
scalar product and the remaining fundamental concepts of Vector 
Calculus, we have no need to look about for illustrations in this 
preparatory chapter. 

We come now to the second kind of product of a pair of vectors, 
namely the vector product. 

Definition V. The vector product of two vectors A, B is a third 
vector ©, whose tensor is equal to the area of the parallelogram 
A, B, and whose direction is perpendicular to the plane of A, B,* 
the positive direction of C being such that a right-handed rotation 
about © through an angle less than 180° carries the vector A 
into B (Fig. 11). The vector product thus defined is denoted by 

C= VAB. 


Fic. 0. 


Thus, if 6 be the angle included by A, B, we have 
C=ABsin #, 
and as, by the definition, CLA, B, we have 
AC=o0, BC=o, 
or AVAB=0, BVAB=o. 


* Any two vectors can always be brought into one plane, by shifting one or 
the other of them parallel to itself, according to Def. I. 
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Also, we see by Def. V. that on interchanging the factors, the 
direction of © is reversed, its tensor remaining the same, that is 
. VBA = — VAB. 
Thus, the vector product is of commutative, and the order of 
its factors has always to be treated with care. 
Again, if A, B are para//e/ to one another, ze. if 6 τὸ or θ-:π, 
then sin@=0, and consequently 
VAB=o. 
Conversely, from VAB=o it follows only that A, B, otherwise 
unknown, are parallel to one another. 
In particular, we have for any vector A, 
VAA =o, 
which may be put in words by saying that the vectorial av/o-product 
of a vector vanishes. 


Again, if ALB, or d=, sin @=1, we get, as the tensor of VAB, 
C=A8; 
thus, cae/eris paribus, the maximum tensor is reached for 9 - οοὗ. 
If m, π᾿ be any pair of scalars, then, by Definition V., 
VmAnB = mnV AB, 
just as for the scalar product 
mAnB = mnAB. 
If, in particular, A=Aa, Β- δῇ, 
where a, Ὁ are the corresponding unit-vectors, then 


VAB = APVab. 
If i j, k be a right-handed system of mutually perpendicular 
unit-vectors, then Vij =k, 


since sin (i, j)=sing90°=1, and similarly 
Vjk=i, Vki-=j, 
so that the three equations follow from one another by cyclic 


permutation, the order 
‘oe 
τ J 
-- σ 


being always kept in mind as the proper order. Inverting it, we 
have to change the sign, thus 
Vji= —k, etc. 
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Remembering the definition of scalar product, we have for the 
same system of unit vectors, which throughout the whole of this 
book will be denoted by i, j, Κ, 

ij=o, jk=o, ki=o, 


and i?=j*=k*=1, 
while, of course, Vii = Vjj = Vkk =o. 
The ‘components of any vector A taken along i, j, k, “e. the 
scalar products “Ai, Aj, Ak, 
will be denoted by ἄν, Ay ay 


respectively ; thus A=4A,i+ A,j+ Ax. 

Such a decomposition will be made use of incidentally, but as 
a rule we shall avoid any artificial decomposition of vectors, except 
in transitional work or in order to show the reader the equivalent 
Cartesian form of some fundamental vector formula. (See also the 
‘Appendix’ containing a great number of such equivalents, com- 
posed especially for those readers who are not used to the Vector 
Method.) 

But, meanwhile, let us return to the vector product of any pair 
of vectors, say B, C. Since VBC is a vector, it may in its turn 
be multiplied by a third vector, say A, either scalarly or vectorially, 
giving rise respectively to 

1) A(VBC) or simply AVBC, 

and 2) VA(VBC) or simply VAVBC. 

The second of these products will be treated later. 

For the present let us consider the first of these triple products, 1.6. 

AVEC, 

as it will enable us to prove the most important property of vectorial 
multiplication, namely its distribudivity (Theorem 1V. below), without 
any artificial decomposition of the vectors involved. 

Now, putting for the moment 

VEC=R = Ar, 
we have AVBC = AR. 

But the tensor of R, A=ACsin (B, 6), 
is the area of the parallelogram B, C, which may be considered as 
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the basis of the parallelopiped A, B, C (Fig. 12), and the direction 
of R is perpendicular to this basis; hence, if the arrangement of 
A, B, C be right-handed (as in Fig. 12), then 


AVBC=AAr= #Ar= base x height 
= volume of the parallelomped A, B, 6. 


Fick. 12. 


Thus the triple (scalarly-vectorial) product 
AVBC 
has a very simple geometrical, or say stereometrical, meaning; it 
represents the vo/ume of the parallelopiped constructed upon A, B, C 
as edges, if the order A, B, C be a right-handed one. But, if it 
be left-handed, AVCB represents the same thing. 

Again, considering C, A as the basis, we see that BVCA 
represents the same volume, and similarly CVAB the same volume 
of the parallelopiped A, B, Ὁ. 

Hence the following theorem: 

Theorem 01 Zhe triple, scalariy-vectorial product of any triad 
of vectors retains tts value when tts factors are cyclically permuted, 


AVBC=BVCA=CVAB. 
This theorem is of fundamental importance, in mechanical, 


electromagnetic, and other applications. 
As the reader knows already that VCB= -- VBC, it is unnecessary 


to emphasize that AVCB = —AVBC, 


i.e, that any one of the above three products changes its sign if 
the cyclic order A, B, C be reversed. 
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Coming now to the capital point, let us consider the vectorial 
product of a vector by a vector sum or, more generally, the vector 
product of a pair of such sums. We then have the following 
fundamental theorem : 

Theorem IV. lector multiplication ts distributive, 1.c. 
VA(B+C)=VAB+ VAC, 

and also §=©6. V(A + B)(C + D) = VAC + VAD + VBC + VBD, 

as for scalar multiplication, with the only difference that vector 

products are no? commutative. 

To prove this important property, let us put 

VA(B+C) - VAB- VAC=Q. 
Then we have only to show that the vector Q vanishes. Multiply 
both sides of the last equation scalarly by A, or B, or C; then 
1) AQ=AVA(B+C)- AVAB-—AVAC=o, 
since VA(B+C), VAB, VAC are perpendicular to A; again 
2) BQ=BVA(B+C)-BVAC 
= -BVAC+(B+C)VBA, by Theor. IIL, 
= -BVAC+BVBA+CVBA 
| = -BVAC+BVAC=o, 
and similarly 
3) CQ=...=BVCA-CVAB =o. 
Thus, by 1), 2), 3), 
AQ=0, BQ=0, CQ =o. 

Hence Q either vanishes or is normal simultaneously to all the 
three vectors A, B, C; but if these are not coplanar, the last 
alternative is obviously impossible, so that Q must vanish, Ze. 

VA(B+C)=VAB+ VAC. 

Thus, for A, B, © not coplanar the theorem is proved. Again, 
if A, B, © are coplanar, we can always add, say to ©, a fourth 
vector D including any angle with the plane of A, B, ©; then 
A, B, C+D will not be coplanar, and therefore 

| VA[B+(C+D)|=VAB+VA(C+D) ; 
but making D approach zero, we get again 
| VA(B+C)=VAB+ VAC, 
so that the first part of the Theorem 1V. is proved for any triad 
of vectors. 
V.M. B 
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To prove the second part of this theorem, #e. that 
V(A+B)(C+D)=VAC+ VAD+ VBC + VBD, 
put C+D=R, and observe that 


V(A+B)R= - VR(A+B)= -VRA-VRB 
= VAR+VBR=VA(C+D)+VB(C+D): 


then the second part of Theor. IV. is reduced to its first part; 
thus the whole theorem is proved. 

The importance and practical applicability of vector as well as 
scalar products of vectors are based mainly on their distributivity, 
in which property they both resemble the common algebraic 
product. The scalar product is, besides, commutative (7.¢. BA = AB), 
the vector product has wof the benefit of this property in as far as 

VBA= — VAB; 
but the trouble is, in fact, not very considerable; when inverting 
the order of the factors we have to do but a very little, namely 
to change the sign of the product, and this is very easily remembered. 

In Physics, and especially in Mechanics and Electromagnetism, 
including Optics, the vector products are as useful as, and perhaps 
more than, the scalar products of vectors. The following mechanical 
chapters will be full of their applications. Here therefore a pair 
of electromagnetic examples will be sufficient. 

Thus, if E, M be the electric and magnetic force in any point 
of a field, the product VEM 


(c= velocity of light in vacuo, an ordinary scalar) gives the flux 
of electromagnetic energy, per unit time and per unit area, at that 
point. This product is generally known as the Poynting vector. 
Thus, the electromagnetic energy flows normally to the plane 
containing both the forces E, M. 

Again, ‘the electromagnetic force,’ according to Maxwell's ter- 
minology, 42. the pondero-motive force, per unit volume, acting 
upon a conductor supporting an electric current, placed in a 
magnetic field, equals the vector product of the current C (per 
unit area) and the magnetic induction B: 

F = \CB. 

In fact, the force F is normal to both © and B, its intensity .7 15 
given by the area of the parallelogram C, B, and its direction is 
determined by saying that F, ©, B is a right-handed system. 
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Now, all these rules are certainly remembered more easily if 
condensed into the short formula F = VOB. 

But let us go on with our vector algebra. 

Once in possession of Theorem IV., we can immediately develop 
the product VAB into its Cartesian form, ze. represent it by the 
components of its factors. In fact, if 

A=A i+ 4,j+ Ax 
and B= 4,i1+ &,j + Bk, 
then . VAB=4,24,Vii+...+ A, BVij+...; 
but, as has been shown above, 

Vii= Vjj= Vkk = 0, 
and Vik=i, Vki=j, Vij=k: 
thus we get 

VAB=i(4,3,- A,B.) +j(A,B;- A,By) #(A\B,- 4,8), (2) 
or, in determinant form, 

[to ἃ 
VAB=| 4, A, Ag . (1a) 
| B, B, B, : 

Hence, by taking a pair of unit vectors a, b, whose components 
or direction-cosimes are a,, etc., ὦ, etc., respectively, and whose 
included angle is θ, we have the Known trigonometrical formula, 

(Vab)? = sin?9 = (αρός ~ agb,)? + (@gh, -- ay.) + (a,b, -- αν). 

Similarly, using the distributivity of the scalar product, we have 

AB=?4,5, +... +ij(4,32.+ A,B,) +... ; 
but P=j?=k*=1 and ij=jk=ki=o; 
hence AB = 4,8, τα ἔν ABs, (2) 
and in particular, for a pair of unit-vectors a, b, 
ab =cos 0=4,), + aby + ἀψὺ, 
which is another well-known trigonometrical formula. 

Again, developing the triple product, AVBC, we get at once 

AVBO = 4,(8,C,- ByCx) + Ao( B,C, - B,Cy) + ABC, - ByC,), 
or, in determinant form, 

A, A, Ay 
ANBC= 3&8, B, By . (3) 
C, Cy ἃ. 
which is a known expression for the volume of α' parallelopiped ; 
using this, we may verify again the Theorem ITI. 
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To complete our preparatory instruction in vector algebra one 
thing more is needed, namely the triple vectorially-vectorial product, 
VA(VBC) or, shortly, VAVBC, 

which has already been alluded to. 

‘This product is again a vecfor, namely normal to A and to VBC; 
but the vector VBC is, by its definition, perpendicular to the plane 
B,C. Hence VAVBC /ies in the plane B, Ὁ, and it must, therefore, 
be possible to represent it in the form 

VAVBEC = )B + 30, (4) 
where y, 5 are scadars. 

‘The process of vector multiplication may be repeated any number 
of times, giving always a vector. In this regard vectorial multiplica- 
tion differs characteristically from scalar multiplication (see the 
corresponding remark above). Thus VD(VAVBC) will be a vector, 
namely normal to D and to VAVBC, and so on. 

But, in practice, we shall have to do with hardly more than triple 
vectors: thus, it will be sufficient here to consider only VAVBC. 

To develop this triple product, we have only, in the determinant 
(1a), to replace B,, By, By by : 

ByCy- BgCx, δια, - By, ByCe- BC, ; 
hence the first component (i.e. the i-component) of VAVBC will be 
AB, (- B,C) > As( BC, τῷ B,C) 
=(A,C, + AyC, + AgCy) B, - (A,B, τὰ, + AgBy) Οἱ 
=(AC)B,-(AB)C,, by (2); 
similarly, the second and the third components of VAVBC are 
(AC) B, - (AB) C,, 
respectively ; hence, compounding the three components, /.e. adding 
them, after the first has been multiplied by i, the second by j, 
the third by Κι  =VAVBC=(AC)B - (AB)C, (4) 
which is, in fact, the form (4), foreseen at the beginning, with 
y=AC and z= — ΑΒ." 
The formula (4) is very important in practical applications, 
*The formula (4) can also be proved without splitting the factors A, B, C 


into their rectangular components. See ‘Problems and Exercises,’ where some 
necessary hints are given. 


VECTOR ALGEBRA AND ANALYSIS 21 


Observe that VAVBC does nof retain its value on cyclic per- 
mutation of. its factors (as AVBC did); we have, indeed, according 
to (4); VBVCA =(BA)0—-(BC)A, (4a) 

VCVAB=(CB)A-—(CA)B; (46) 
now these are certainly three fotally different vectors, since (4) lies 
in the plane B, G, whereas (44), (44) lie in the planes ©, A and 
A, B respectively. 

But it is interesting to remark that the sum of these three vectors 
vanishes ; in fact the sum of the right sides of (4), (4@), (44) vanishes 
identically, since CA= AC, etc ; hence 

VAVBC + VBVCA + VCVAB=o. 


The particular case of (4), in which C=A, is most often met 
with; we have then 


VAVBA = 4 —-(AB)A, (5) 
and especially, if A be a unit-vector, say =n, then 
VnVBn =B - (Bn)n. (5a) 


Now Bn is the (scalar) component of B taken along n, and therefore 
(Bn)n is the part* of B along n, as regards both intensity and 
direction ; subtracting it from the whole vector B we get its part 
normal to n, Thus we see that 


VuVEBn 


gives the part of B normal to n, as regards both size and direction. 

If, for instance, n be the normal of a surface, at a given point, 
then VnVBn gives immediately the part of B éangeni to the surface. 

In what has now been given we have all that is required for 
easily following the vector-algebra of the subsequent chapters on 
Mechanics. 

There would remain the so-called ‘/imear vector-operator,’ which 
might be treated in this preparatory survey of vector-algebra, But 
this operator is considered in the text itself, as the ‘symmetrical’ 
operator in the chapter on Rigid Dynamics, and as the ‘non- 
symmetrical’ or general linear vector-operator in the chapter 
devoted to Non-rigid Bodies. 

All that is still required are a few notions of elementary Vector- 
Analysis, to which we shall now pass. 


*The ‘component’ is a scalar, the ‘part’ of a vector Is a vector. 
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Differential and Integral Properties of Vectors. 


Let us consider a vector A as a function of some independent 
variable scalar; to fix the ideas, let this independent variable be 
the time 4, reckoned from some ‘initial’ instant. 

Then, in general, both the direction and the tensor of A will 
vary with 4 | 

To illustrate, let A=r be the vector drawn from a fixed point O 
to a material particle / moving about in space along any curved 
path (Fig. 13); then r will vary with the time or r will be a 
function of αὶ 


Fic. 13. 


Again, in an electromagnetic field the electric and magnetic forces 
E, M are generally variable in time, as regards both their intensities 
and their directions, ζ.6. the vectors E, M are functions of ὁ If 
these functions be periodic, we have the special case of electro- 
magnetic oscillations, the end-points of the corresponding vectors 
describing closed paths. 

A is said to be a continuous vector function of the time 4, if 
both ἐς direction and its tensor vary with ¢ in a continuous manner. 
Thus, any vector being the incarnation of three scalars, the con- 
tinuity of a vector implies the continuity of three scalar functions as 
considered in common analysis. But here again we shall avoid any 
artificial decomposition, and treat the vector function A as a whole. 

The differentiation of A with respect to ¢ is quite as simple as 
the differentiation of an ordinary or scalar function. Hence, on 
this point, only a few remarks are needed. 

To’ obtain an instructive picture of such differentiation we may 
proceed as follows. 
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First of all, any parallel shifting of the whole vector being, by 
Def. I., an indifferent matter, let us suppose that the origin of 
the changing vector A is fixed, say in O. Then the statement 
that A is a function of the time ἡ means (as above for r) exactly 
the same thing as saying that the end-point of the vector A moves 
about, in space; and the’ continuity of the vector function A implies 
the continuity of this point’s motion. Let P (Fig. 14) be the 


Pp 
A AA 
P 
6 A 
Fig. 14. 


position of this point at the instant 4 and /” its position at any 
later instant ΣῈ ΔΛ where Δὲ is a finite increment of ¢ ‘Then 


=e 
OP=A 
is the vector-value at the instant / and 


at the instant /+44 The vector running from / to .}΄ or 


PP =\A=A'-A 

will be the sncrement of the vector under consideration during the 
time 4 The ratio AA 

ΕΥ̓] 
will be the average rate of change of the vector A or the mean 
velocity of its end-point, in the time-interval 44 Now, if this ratio 
tends to a definite limiting vector, when Δὲ is infinitely reduced, 
this limiting vector is called the differential co¢fficient of A with 


respect to ἢ or the να of A, and is denoted by = or by A; thus 


: Ch... wa. Bh 
A= ἡ aim Δὲ = Lim +. Fi 
In the present case, ¢ being the time, A is what is called the 
instantaneous velocity of the moving end-point /, as regards both 
absolute value and direction. If the supposed definite limit exists, 
A is tangent to the path of /. 
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Thus, if P coincides with the material particle of Fig. 13, 


νων. 
dt 


will be the velocity of the particle along its path, at any instant 4 


Now, it is seen immediately that, if 
R=A+B, 
A, B being two vector functions of 4 then 
R=A+B, 
and similarly for a sum of three and more vector functions. 
Again, if a be the unit of A, or A=Aa, then 
A=Aa+ Aa: 
thus A, the flux of A, has, in general, a certain component along a, 
ἦε. along the direction of -the original vector A, and also some 
component along ἃ, the direction of which differs from that of a. 
Observe that, a being a unit vector, ἃ will not necessarily be so. 
If the direction of A be invariable, then ἃ Ξε ο, and consequently 
A= Aa, * 
On the other hand, if the “sor of A be constant, then 
A = Aa. 
In the last case the representative point /” moves on the surface 


of a sphere of radius A. 
More generally, if # be any scalar function of 4 and 


R=nA, 
then R=/A+nA. 

Again, considering the scalar product of a pair of variable vectors 
A, B, we have 


A+4A)(B+A4B 

4 (aB)- rian )ί Η )- AB 
ets [ΑΔ εΒ ay ΔΑ. ana by Theor. ΠῚ 

| * ee: See 
whence 7 (AB)=A7 +B =AB+BA, (6) 


just as for the product of a pair of ordinary scalar functions. This 
property follows obviously from the disfributivity of the scalar 
multiplication as enunciated in Theorem II. But, by Theorem IV., 
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vector multiplication is also distributive ; thus, we shall get, in exactly 
the same manner, 


d 7 aB | dA _ i - = 
=, VAB=VA—+V—- B=VAB+VAB (7) 


Here, of course, the proper order of the factors must be preserved. 
Without any difficulty, the reader may prove also that 


4 (AVBC) = AVBC + AVBC+ AVBC, (8) 
and similarly § (VAVBC) = VAVBO + VAVBC + VAVBG, 


or, by (4), 4 (VAVBO) =(A0)B -(AB)G+(AC+A6)B 
_ -(AB+AB)C. 
Differentials are used precisely as in ordinary analysis; thus 


dA SP 


Second and higher differential coefficients do not require any 
supplementary explanation, since 
αἴ. 
a 
may be considered simply as the flux of A; and so on. 
Thus, returning to the example of a moving particle, the vector 


A or 


ὐχι πων. 


ἑ.ε. w=i-G 


will be the resultant or total acceleration of the particle. This may 
be easily decomposed into its tangential and normal components. 
For, let 1 be a unit-vector tangent to the path and concurrent with 
the motion, and ds an element of the path, #e. the absolute value 
of the infinitesimal vector dr; then τ τὸ ἀξ δὲ and v=el, whence, 
by differentiation, 

ds d\ 


: «ἢ 
w=dt+o εν ri 


Or Ξε Ζὶ disod 
w=z7l +d 
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Now, -1 being a unit-vector, or 15 =1=const., we have 


4] 
15. =9;3 


hence, the vector @l/ds is perpendicular to 1, te. normal to the- 


path; besides, it is contained in the plane of the two tangents 1 
and 1+d1 that is in the oscu/ating plane of the path. Thus the 
vector dl/ds points from the moving particle towards the centre 
of curvature ; moreover, its tensor is easily seen to be equal to the 
curvature or to the inverse radius (#) of curvature at the given 
point of the path. Hence, denoting by n a unit-vector pointing 
from the particle towards the centre of curvature, the last equation 
“= be written 
w=al+Sn 

showing that the resultant acceleration (for any path, ee or 
tortuous) consists of the fangentta/ component 

ὦ =dv/dt=d*s/dt* 
and of the #orma/ component 
which is fowards the centre of curvature,—the well-known result 
of kinematics. 

Here is. another kinematical example, affording a beautiful 
illustration of the use of vector products, of their distributive 
property and the consequent formula (7) of their differentiation. 
Let a material particle / (Fig. 15) move along a plane path so that 


Fic. 15. 


the areas swept out by the radius vector τὶ drawn towards it from a 
fixed centre O in the plane of the path, ave proportional to the time, 
7.6. so that the area swept out per unit time is comsfan/,—which, 
for /’=planet and O=sun, is Kepler’s second law. Let / be the 
position of the: particle at the instant 4, and /’ at the instant /+ dv. 
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Then, by the definition of vector product, the area POP’ swept 
out during οἱ is given by the tensor of the vector 
dt. F=4Vr(r+vat)= di. Vrv, 
since Vrr=o, or per unit time, 
F=3Vrv. 

Now, by the supposition, the tensor of F is constant, and as F is 
normal to r, v and as the whole path is supposed to be in one 
plane, the direction of F is also constant, 7. the whole vector F is 
invariable in time; it is an variant of the system. Hence 
d¥/dt=o, or by (7), = Vrv+ Viv=o. 

But f=v and Vvv=o; thus, v=w being the acceleration, 

Vrw=o, 
that is to say: the acceleration is always towards, or from, the centre, 
or the motion is cevfrad. 

Vice versa, if the motion is supposed to be central and plane, 


we have Vrw = Vrv¥ =o, 

and, as Vrv vanishes identically, also 
Vrv + Vrv=o 

or γεν =const., 


i.e. Kepler's second law. 

Thus, the reciprocal equivalency of central motion and of Kepler’s 
second law is seen by the aid, of the vector language almost 
immediately. 

If a vector, A, be a function of two or more independent scalar 
variables 7, s, ..., instead of d the symbol 6 of fartia/ differentiation 


‘will be used; thus 


OA 7 Ol 


Of particular importance, ΞΕ for physical applications, 5 
the case of a vector, say R, depending on three scalar variables 
defining the position of a point in three-dimensional space, that is 
to say, the case in which the vector R is to be considered with 
regard to its distribution in space. 

It is particularly in ¢A4és branch of vector analysis that some 
special concepts have been created, remarkably adapted to the 
very nature of vectors, concepts that are of great theoretical interest 
and capable of numerous applications, and which therefore require, 
and deserve, a special treatment. 
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None the less I shall not pretend to develop here fully this 
branch of vector analysis, but only such parts of it as may be 
needed for the subsequent work, and which,* in fact, will prove 
to be sufficient for almost any physico-mathematical purpose. 

To every point of space, or of a certain portion of space, let 
there correspond a given vector R, of definite direction and tensor, 
generally varying from point to point. Then the space, or its 
portion in question, considered as the seat of these different R’s, 
is called a vector field or the field of RB. 

Thus, if BR be the electric force or the magnetic force, we have 
an electric or magnetic field or a field of electric or magnetic force, 
respectively. Again, a portion of space occupied by a moving fluid 
will also be a vector field, namely the field of a vector representing 
at each point the absolute value of the velocity and the direction 
of the motion of the fluid. 

If R, as regards both its tensor and direction, be constant every- 
where, we have a Aomogeneous field, otherwise—a /Aelerogeneous 
field. 

Thus, the electrostatic field between the plates of a condenser 
(plane and parallel) is approximately homogeneous, provided that 
we do not approach the edges of the plates. But the vector fields 
met with in nature are generally heterogeneous. 

A vector field is said to be continuous, if the corresponding vector 
R, both in direction and absolute value, varies in a continuous 
manner from point to point. 

We shall suppose, as a rule, that the field under consideration 
is not only continuous but also that the vector R admits everywhere 
definite differential coefficients, at least of the first and second 
orders, with respect to space, Ze. that, if / be the (scalar) length 
measured in any direction, both = and - exist as certain 
definite vectors.’ 

Nearly all that is needed for the investigation of the most 
characteristic differential properties of a vector field is concentrated 
in a certain differential operator, called the Hamiltonian (or sometimes 
‘Nabla’ or ‘Atled’) and denoted by V. 

The best and most natural way of arriving at this differential 
operator, and of grasping its true meaning, is to consider, at the 


* Especially if combined with the supplementary notions of vector method 
developed occasionally, in the subsequent chapters themselves. 
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starting point, certain iz/egra/, not differential, concepts, namely 

the so-called lne-integral and the surface-integral of the vector R. 
To the definition of these fundamental concepts of vector 

analysis we therefore now pass. 
Let s (Fig. 16) be any continuous line joining any two points 


Fy. 16, 


1, 2 of the vector field B; call 12 the fositive direction of the 
line s. Let the infinitesimal vector δ represent an element of 
the line s, both in length and direction, the direction of ds being 
coincident with the positive direction of s at the place where 
the element lies. 

Take the projection of B upon ds and multiply it by the (scalar) 
length ds of ds, that is to say, take the scalar product 


Rds 


of any element ds of the path s and of the corresponding R, 
and sum up or integrate from 1 to 2. ‘Then the integral 


. y= | Rs 


supposing that it exists as a definite limit of a sum, is called the 
line-integral of R /aken along 5. | 
The line-integral, thus defined, is a sca/ar, of course. If the 
line of integration s be cosed, or what is called a circuit, then we 
shall denote the line integral by . 
τε͵ Βα, 
the positive sense’ οἵ the circuit s being fixed in a definite 
manner. | 
Again, let ¢ be a continuous swr/ace drawn in the vector field 
R; let us call one of its sides the fostiive (or +) side and the 
other the #egative (or —) side. Let the unit vector m represent 
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the normal of any (scalar) element de “of the surface σ᾽ crossing 
it from the — to the + side (see Fig. 17). The scalar product Rn 


Fic. 17. 


is the normal component of RB, at any point of the surface. 
Multiply this product by the infinitesimal area ad and sum up or 
integrate over the whole surface ¢; then 


Se= = |Ra do, 


if it exists, is called the surface-integral of RB exfended over σ. 

This integral is, of course, again a scalar. In considering its 
value, we must always keep in mind how the positive sense of the 
normal n has been fixed. Especially, if the surface o be a c/osed 
surface, it is usual to consider its outer side as positive, fe. to 
draw πὶ outwards. 

In mathematical physics both the //ne-infegra/ and the surface- 
integral of a vector are of frequent occurrence; this is the reason 
that these concepts have been constructed at all and are studied 
in vector analysis. 

Thus, referring always to Fig. 16, if F is a mechanical force 
and s the path of the point of its application, then the line-integral 


[τὰ 


is the mechanical qworé done by this force. 

Again, the so-called ‘e/ectromotive force’ along any line s joining 
a pair of arbitrary points of an electric field is the line-integral of 
the electric force E, 


E.M.F. = {x ds. 
1 


_ An analogous magnitude m.M.r., also of frequent use, is obtained 
by taking the magnetic force M instead of the electric BE. Of 
course the £.M.F. and M.M.r., depend. generally, not only on 
the position of the terminals 1, 2, but also on the choice of the 
path s leading from the first to the second. 

Especially useful for the description of electromagnetic laws is 
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the consideration of £.M.F. and M.M.F, for closed paths or circuits, 
#.e. according to our notation: 


| Bas and | Mas 


Again, let v be the velocity of fluid motion, at any point of 
the space occupied by a fluid, at the instant ἡ of time; then it is 
often useful to consider the line-integral 


| vds, 
[" 


called the cireulation round the curve s. It is closely related to 
vortex motion, and also to the most characteristic properties of 
irrotational motion, especially if the fluid occupies a cyclic space, 
as will be seen in the chapter devoted to Hydrodynamics 
(Chap. VI). 

Fluid motion affords also the best illustration for the suzface- 
intezral. Thus, let p be the density of the fluid, Ze, its mass per 
unit volume, which generally may vary with time and in space, 
and let v have the above meaning. Then pv will be the current, 
fe. the amount (mass) of fluid crossing unit area of a surface 
perpendicular to v, per unit time. Hence 

pucos(v¥,n)do or pynds 
will be the normal component of the current crossing any surface- 
element de, and the surface-integral 


Sy = |pyn de 


will be the total amount of fluid crossing the surface « from its 
negative to its positive side, or the fotal current through a. In 
particular, if o be a closed surface, then S, will be the amount of 
fluid leaving* the space limited by ¢, supposing of course that fluid 
(mass) is neither created ner annihilated on its path. 

Keeping in mind the above definitions of the line- and surface- 
integrals, the reader will see almost immediately the truth of the 
following propositions. 

First of all, on inverting the sense of integration, we change only 
the sign of the line-integral, ἡ. 

In= Ly (9) 


* If Se>o0, and entering into, if S¢<o. 
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and, in particular, for a circuit: 
Lin = — Ls 
where -s denotes the opposite of s. 
Secondly, if acd is any continuous line joining a pair of points 
a, 6 of a circuit s=addea (Fig. 18), then 


Fic. 18. 


* Lraboa = Laan + ἦραν 
Lecnea = Lina + Laws 
and as, by the above, /,..= — Lacy, it follows : 
ἴων + Lea = Lig = Lanes + ἤροναν 
or, denoting the circuit adéca by s, and the circuit acbea by s,, 
Sy = Lay + Lins: 
Similarly, decomposing the given circuit s, by the introduction of 


an appropriate network of lines, into three or more circuits 5,, 59, 53, 
etc. (Fig. 19), we get 7 


Li) = Lay + ρ + 7 + +++ + (10) 


Fic. 19. 


Now, consider any continuous surface ¢ bounded entirely by 
the given circuit s, and the whole network of lines drawn on this 
surface, as above. Take one of the sides of o as the + side, and the 
other as the - side, and draw everywhere its normal n crossing σ΄ 
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from the — side to the + side, ‘Let, by convention, the fosttrve sense 
of any circuit drawn on σ᾽ be that which to an observer looking along 
n appears clockwise, and consequently the negative sense that which 
to the same observer appears counter-clockwise. Then equation 
(10) may be put in words as follows: 

The line-integral of Ἐν taken round the perimeter of the surface ¢ 
is equal to the algebraic sum of the line-integrals of BR taken round 
the perimeters of each of the partial surfaces o,, 72, 7, etc., into 
which the whole surface σ᾽ may be split by any network of lines, all . 
integrals being taken in the same sense (#.. either all in the positive 
or all in the negative sense). 

Now, the process of subdivision of the whole surface o into 
smaller surfaces σ᾿, σς, etc., or generally Ao, may be carried on to 


any extent. Hence, passing to the limit, denoting by s, the circum- 
_ ference of any element Ao of the surface o and supposing that the 


ratio Tin 
Ac 
tends to a definite limiting value ¥, when Ac is infinitely reduced, 
we may conclude from the above that the Ame-integral ἤχῳ must be 
reducible to an integral taken over the swrface « bounded by the 
circuit §: . | 

| Bas = [de (11) 

(x) 

Here, by supposition, ψ is a definite (scalar) magnitude depending 
only on the properties of the field R at the place where do is taken 
and on the orientation of this surface-element, or on the direction of. 
its normal n, but independent of the form of the circumference s; of 
that A of which de is the limit, and; generally, independent of the 
way by which the limit has been approached. 

Now, y being a scalar, we may consider it as the projection of a 
certain vector © upon the normal ἢ, fe. as the normal component 


of OC: y= Cn. 
Then (11) will assume the form 
| BR ds = |On de ; (12) 
Js) 


t.¢. the. /ine-integral of Ἐν taken round s will be equal to the surface- 
integral of © taken over o, the surface o being bounded by the 
circuit s. . 
The vector C which, as we shall see a little later more explicitly, 
V.M, 7 c 
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depends only on the local properties of the vectorfield B, i.e. on the 
distribution of R at the given place in the field, is called the vofation* 
or the curi of R. We shall, following the example of most English 
writers, choose the latter name, thus writing 


C=curl EB. 
Then equation (12) may be stated as follows : 
Theorem V. Zhe Jine-integral of a vector B taken round the 


circuit s is equal to the surface-integral of its curl taken over any 
surface bounded ὧν δ. 


[Ξ as= μ curl R do, (A) 


the sense of the circuit in regard to the surface-normal n being 
positive, as explained above. 


This theorem, or rather its.Cartesian form, is the widely known 
Theorem of Stokes. 

For the Cartesian expansion of (A), and of nearly all vector 
formulae of this, and also of the five following chapters, see 
‘ Appendix,’ devoted especially to such equivalences. 

In the above, the component of the vector C=curlB along any 
direction n has been defined, namely by 


ee 
Cn=Lim τ, 


-where Ao is normal to n. This is as much as to say that On is the 
line-integral of B, per unit area, taken round the circumference of an 
infinitesimal area, whose positive normal is n. Now, to obtain the 
resultant vector C itself, it is (necessary and) sufficient to determine 
its components along any three non-coplanar directions. As such 
directions, let us take, for example, the old i, j, kK, and let the co- 
ordinates of any point of space measured along these axes be x, y, 5, 
respectively. ‘Then, going back to the above definition of Cn and 
taking in turn n coincident with i or j or k, we shall get 
Gi=C,, Cj=C,, Ck=C,. 

To obtain C,, we have to take an infinitesimal area in the plane 

passing through the given point 2, 7, 5 parallel to the plane y, 2, for 


* Because, Βὶ being, for example, the (infinitesimal) displacement, in a deformable 
medium, $0 is the corresponding rofaffon. See Chap. V., and also the end of 
Chap. IV. 
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example the rectangle 12341, of which x, y, ¢ is the centre and of 
which dy, dz are the sides (Fig. 20). Then, remembering that in 


12 


Fic. 20. 


this case the proper order of integration is 12341, as indicated by 
arrows,* we have 


lina = Ings = (Ra +; 2 dy) ds - (Ry +2 Ke as)ay 


OF, a) 
-(2,-1 κὸ 4) τ(Α,- ἜΝΙ 


aR, oR, 
ay Be ay ds 
where (2), Rp, Ry are the rectangular components of R at the point 
x,y, But dy dz = de 
is the area of the rectangle; hence the line-integral per unit area, 
or C,, will be Oks _ OR, 
G= i 
Similarly, by cyclic permutation, 
OR, OF OR, OR, 
- ---Ξ.. 8 See ---Ἃ. 11 
ἀπὸ te ὑπ 


Hence the expansion of © or curl B : 


ταις OR, OR, _ OR, Κι, OR, 
out e=* oy π᾿) +3(S- mat) * ἘΞ Ox i) (13) 


or in determinantal form, if V,, V,, V, be written, after Heaviside, 
μὰ Ὁ Ὁ Ὁ 5 
instead of ὅτ᾽ By’ ὅτ᾽ respectively, 
i κ 
culR=| V, V, ¥; |. (13a) 


“Since i is normal to Fig. 20th’s plane, drawn away from the reader, 7.¢. 
vertically downwards, if he reads his book on a horizontal table. 
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Now, introducing the symbol 
V=iV,+jV,+kV, igtig ΠΩ (14) 
and comparing the structure of (134) with that of the vector product 
(1a), we see that (13a) may be written 


curl R= VVR. (134) 


As V,, V2, Vg, the ‘components’ of V, are not ordinary scalar 
magnitudes but scalar operators, namely differentiators, V is not a 
vector but an operator; none the less it has the character of a 
vector and may be applied, as above, to a real vector R, the result of 
such an operation having a perfectly definite meaning. 

Allegorically, then, curlR may be called (and in fact has been 
called by Heaviside) the vector product of V and R, the true 
meaning and the real sense of this allegory being that curl B is the 
_ result of the operation V, when applied vectorially to R. 


It is this operator Vaictic+k 
ὃν Ὁ 
Hamiltonian, 

It may be applied to a vector either vectorially, as above, or 
scalarly, as we shall see a little later. 

By the very definition of curl we are certain that curl R cannot 
depend on the particular choice of the system of coordinates such 
as x, y, 5, but only on the distribution of the vector B in the given 
field. But it-will, nevertheless, be an instructive exercise for the 
reader to introduce instead of ἃ y, s another rectangular system 
x’, y’, τ΄, with the same origin (which is immaterial), but with different 
directions of axes, say i’, j’, Κ΄, and the corresponding operator 

Val O45 tk ἐν ὃ 
and to prove then that curl’ R or VV’R is identically the same vector 
as curl R, ie. ΚΕ. Using the formulae of transformation 


x' =ax + by + cz, etc., 


with constant a, 4, ¢ etc., and the well-known conditions of ortho- 
gonality, the reader will realise this in a moment. 

Observe that we arrived at the asr/ by the means of ‘the line- 
integral 7, Now let us repeat, mufatis mutandis, the whole reasoning 
with the surface-integral §, instead of ἢ 


2 which is called the. 
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As we started with / for a closed curve, so let us now take the 
suriaceseibeeral Ste) for a closed surface ¢: 


5.) - \Rn de 
Here n is intended to be the eufwara normal. 


First of all, then, let us divide the whole inner space τ bounded 
by σ into two portions τῇ, τὸ (Fig. 21), namely by any surface σ΄ 


Fic. σι. 


which is contained entirely in the space t and which is bounded 
entirely by a curve lying on ¢. Denote the whole boundary of τὶ 
by σ᾽ and the whole boundary of τῷ by σ΄ and consider the sum 
Sto,) + Sie.) Where in the first term the normal is to be taken every- 
where outwards from τῇ and in the second outward from τῷ. Now, 
a, consists of a part of σ and of one side of σ΄, and σ΄, consists 
of the remaining part of o and of the other side of σ΄, Thus the 
parts of the surface-integrals extended over both sides of σ΄ cancel,* 
sin nia <i Sto) = Stor) + Sees) 

This is exactly analogous to the above relation J, = ἡ) + /(,)- 

In exactly the same way, dividing the space r into any number 
of portions Ar by the means of a system of surfaces, such as σ΄, 
everyone of which is a part of the boundary of two adjacent portions 
of the space τ, and denoting by ¢,, 7, etc., generally by σιν the 
complete boundaries of the particular Ar’s, we have 

Soy = Seo.) + Sle) + +--+ = = Sie)» 
where the summation extends throughout the whole volume con- 
sidered, #.¢. throughout += Σᾶτ, 

Now, this process of subdivision may, again, be carried on to 


* Supposing that the normal components of R on the two sides of σ΄ are equal, 
#.¢. supposing that σ΄ is not a surface of discontinuity. 
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any extent. Hence, passing to the limit and supposing that the 


ratio S ) 
σ᾽ 
' Ar 
tends to a definite limiting value p, when Ar is infinitely reduced, 
we get 7 
Sey= [Bn de= [pdr 


The scalar p, thus defined, ἡ. the limiting value of the above 
rauio or the limit of the surface-integral, per unit volume, is called 
the divergence of R, and is denoted shortly by 
ἢ δὲ ρΞ αἷν Β. 

Substituting this symbol, we have, analogously to Theor. V., the 
‘Theorem VI. The surface-integzal of a vector Ἐν taken over any 
closed surface a ts equal to the space-integral of the divergence of RB 

taken throughout the volume + enclosed entirely by o: 


[Bn ἂν = [aiv R.dr, (B) 


n being the outward normal of σ. 

This theorem has been proved under the supposition (see footnote, 
Ρ. 37) that the field R is continuous throughout the whole region τ. 
But if this be not the case, and if, say, σ΄ be a surface of discontinuity 
dividing τ into two distinct portions τῇ and τ, then, by applying 
the above theorem to each of these in turn and summing up, side 
by side, the two equations thus obtained, we get at once 


[Bude [ave ar [-- -R,)n' do’, (87) 


where R,, Β are the values of RB at the positive and negative 
sides of σ΄, respectively, and n’ is the normal of σ΄ crossing this 
surface of discontinuity from its negative to its positive side. 

To obtain the expression for divR in terms of differentiations 


Fic. a2, 


with respect to x, y, 5, consider an infinitesimal parallelopi i 
᾽ lelopiped with 
edges dx, dy, dz parallel to i, j, k respectively (Fig. 22). Then, 
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if x, y, s be the coordinates of the centre of the parallelopiped, the 
pair of sides dy, ds normal to i contributes to the surface-integral 
the sum 


(ae 1 ae) 4» 4: - (ὶ 1-2 (OR ae) dy d= SS dee dy de 


similarly, the contributions from the two other pairs of sides of 
the parallelopiped, normal to j and k, are, respectively, 


ses ds dx dy. 


ORs gy de de, 
vy 


Hence the surface-integral will be 


oR, oR, S) ΓΙ 
(St ait ae eer 


But dx dy ds=dr is the volume of the parallelopiped; hence the 
surface-integral per unit volume or, by the above definition, the 
divergence of R will be 

div B= 4 δες SAV RV Ret Uy (15) 

Now, comparing this with the Cartesian expansion (2) of the 

scalar product of a pair of vectors, we may write shortly 
div R=VR. (15a) 

Both the cur? and the divergence are independent of the choice 
of the system of coordinates and, generally, of any system of 
reference, and depend only on the properties of the given vector- 
field BR, and, as the reader will see from the subsequent chapters, 
both are specially characteristic of such a field. 

Now, it is remarkable that both of these important magnitudes, 
the first a vector and the second a scalar, are obtained by the 
application of one and the same operator, namely the Hamiltonian. 
In fact, we have (134) and (15a), which formulae tell us that ¢/e 
Hamiltonian V if applied to a vector vectorially gives its curl, and 
if applied scalarly gives its divergence. 

The most immediate kinematical illustration of cer/ is given at 
the end of Chap. IV., where it is shown explicitly that if v be the 
resultant velocity of any point of a rigid body, moving in the most 
general way, then cur/¥ is twice the angular velocity of the body. 

A larger application of curl, namely to deformable bodies, in 
which the rotation generally varies from point to point, is developed 
fully in Chap. V. In the same chapter frequent use will be made 
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also of div. Neverthaless we may illustrate here, also, the meaning 
of this operator in an immediate way, namely by our previous 
example of fluid motion, in which it has been shown that 


δι [pwn αν, 

taken for any ‘closed surface σ, gives the amount of fluid leaving 
the space (τὴ limited by σι Now, by the very definition of 
divergence, div stake 
is the same thing as the surface-integral taken over the surface 
enclosing the elementary volume dr. Hence div(pv)dr is the 
amount of fluid leaving the volume-element, and therefore 

div (pv) 
the amount leaving it, per unit volume (and per unit time, of course), 
whence also the name of ‘divergence.’ 

The meaning of the Theorem VI. and of its short formula (8) 

becomes now quite obvious; in fact, if we put 

R=pyv, 
it says simply that the amount crossing the surface o is equal to 


the algebraic sum of all amounts leaving the elements of the . 


volume + enclosed entirely by this surface. 

The fundamental Theorems V. and VI. bring the curl and _ 
divergence of a vector into close connection with its line-integral _ 
and surface-integral, respectively. 

Combining both theorems,.we may now prove an important 
general property of curlR, without recurring to any system of 
reference. 

Let ¢,, 7, (Fig. 23) be a pair of surfaces bounded by the same 


Fic, 332. 


circuit s, and themselves enclosing completely a portion of space τ. 


VECTOR ALGEBRA AND ANALYSIS 41 
Then, by Theor. V., 
[| Bas={ n, curl Rae, -ἰ: n, curl B dvs, 


Se | αὶ curl Bd, ~ { n, curl R dv, =o. 
ba σῃ 


Hence, considering the closed surface r=0,+¢,, denoting its 
outward normal by n and observing that n,=n, whereas n, = -- π, 
Ϊ ncurl Ro =o, 

() . 
Now, curl being a vector, we can apply to it the Theor. VI. ; 
hence, by the last equation, 


[aivcunR. dr=o. 


But the above construction may be made for any circuit s, as 
small as we please; and consequently, reducing accordingly the 
closed surface +, the last equation is seen to hold good for any 
portion of space τ, as small as we please. Hence 

div curl R=o (16) 
everywhere. ‘This may also be verified to he identically true by 
using the expansions (13) and (15) of cur? and div, and by observing 
that ΕΚ Ox ὃν = PRe/Oy Ox, etc. 

It is worth noticing that (16) may also be written 

VVVR=0. (16a) 

Thus, also in this respect the Hamiltonian V behaves like a 
simple vector. Remember that, by the fundamental property of 
the vector product, AVAR=o identically. 

If divB=o throughout the whole field, then the vernon; R 
is said to be solenoidal or sourceless.* 

And if curl R=o everywhere, then the field R is called 
irrotational. ἢ 

Thus, the identity (16) may be put in words by Saying that 
the field derived from any field B by ‘curling’ it, is always a 
solenoidal field, or—briefly—that the curl of any vector ts solenoidal. 

Instructive examples of solenoidal and of irrotational fields will 
be found in the subsequent chapters on Mechanics; and as to 

* The reason of the last name is obvious by one of the above illustrations, and 
will be seen again in Chap. IV. 

+ That is non-rotational; remember that ἐπε is closely related to rotation. 
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Electromagnetism, it will suffice here to observe briefly that the 
total electric current is always and everywhere solenoidal,* and 
that an electrostatic field, for example, is irrotational. 

We have already admired the efficiency of the Hamiltonian V in 
two cases, namely in getting the cur/ and the div of a vector. 
Now, to see another performance of the same operator, ἐς. a third 
property of V, let us consider a pure/y irrotational field R, that is 
such that the condition 

curl R=o 
is satisfied throughout the whole space. ‘Then, by Theor. V., if s 
be any closed path, or circuit, 


ta=| Rds=o. 
(s 


) 
Now, taking on s any pair of points 1, 2 (Fig. 24), we have 
Renee ee eae 
© Lag = Lira 


Fic. 24. 


Thus, the line-integral of R has for the two paths a, 4, and hence 
also for all possible continuous paths leading from 1 to 2, one and 
the same value. Or, in other terms, the integral 


2 
a= | Ras 
| 


is.a Single-valued function of the position of the terminal points 1 and 2 

in the field. Hence, if any fixed point O be chosen once and for 

ever as the starting point, and if » be any other point of the 

irrotational field R, [Ξ nd, (17) 
o 


where ᾧ ts a single-valued function of the position of p alone. 
This function ᾧ is called the (scalar) potentialt of the vector R. 
* And this is one of the most characteristic features of Maxwell's theory. 
+ This is the common use in general mechanics and hydromechanics, whereas 


in electrostatics and magnetostatics, not the above @ but -- ᾧ, i.e. ΙΝ Bas, is called 
the potential. This, of course, is a matter of convention. τ 
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If the region of irrotationality of the field BR does not occupy 


the whole space but only a certain portion 7 of space, and if this 


portion of space be c¢yelic or multiply-connected, the vector BR has 
still a.potential ᾧ in this region 7, but then ¢ is no longer a single- 
valued but generally a many-valued function of position. For 
further particulars regarding this subject see Chap. VI. 

But, at any rate, whether ᾧ be a single- or a many-valued function 
of position, we have, by (17), the differential property 


Rds =do=— as, 


which holds good at such places where the field is irrotational. 
Here ds means the tensor of ds, so that, if 2, be the (scalar) 
component of B along ds, we have Rds=,ds, and consequently 


op 
R= 5," (18) 


Now, as ds may have any direction whatever, the formula (18) 
enables us to write down any component of R, and hence also 
the resultant vector BR in terms of its potential. Thus, taking for 
example ds=idx, or ἡ ἄν, or Kdz, we have, respectively, 


R=S Rs Re 


and consequently 


Baie +) SS εκ S = GV, +50, + RV) 


or R=V¢. (19) 

Thus, the Hamiltonian appears again. Here, applied to the 
potential #, it gives the vector in question, R. 

Remark that ᾧ is a scalar, so that Vo does not require any 
further explanation. 

Generally, V@ is called the slope or gradient of the scalar function 
¢. Thus, in hydrokinematics the velocity of fluid motion is the 
slope of the ‘velocity-pptential,’ if, of course, such a potential 
exists, ἐς. if there are no vortices at the place considered (see 
Chap. V.). 

Any surface $= const. 15 called an equipotential surface. 

Now, taking ds tangential to such a surface, we have 0¢/Os=o, 
and consequently, by the above formula, 

Rds=0; 
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and since this is true for any tangential direction, we see that the 
vector R is normal to the equipotential surfaces. 

At the same time it is seen that the (positive) direction of R 
is the direction of the most rapid increase of ¢. Hence, denoting 
this direction of most rapid increase by. the unit-vector n and 
using the common symbol 0/én of partial derivation taken in the 
direction n, we can write also 

R=Vp=n5°. 

Thus, the Hamiltonian, in its application to a sea/ar function, 
might have been defined from the beginning as the slope of this 
function or, symbolically, as the operator 


Vanq. (20) 


Then, developing this into V Ξε Ὁ ὍΣ Ὁ} 0/oy +k 0/02 and applying 
it either scalarly or vectorially to a vector R, we could arrive in 
this manner to the divergence and curl of B. But this did not 
seem to me as natural a way as that chosen above; it would be 
essentially more artificial, and then it would not enable us to see 
the truth of the Theorems V. and VI. in such an immediate manner 
as the method adopted. | 

But without entering any further into similar comparisons of 
didactic character, let us return to the Hamiltonian itself. 

Having already recognised it in its whole generality, #e. in its 
threefold character as slope, divergence and τί, 

V¢=slope of 6, VR=divB, VVR=curlR, 


what we need still are but a few remarks regarding the application 
of this marvellous operator. 

First of all, the operator V is distributive, since, apart from its 
vectorial peculiarities, it is a simple differentiator. This property 
holds good not only for a sum of scalars, as ᾧ, ¥, but also for a sum 
of vectors, as R, 8, Ze. not only 


V(b+ W)=Vb+ Vy, (21) 
but also V(B+8)=div (R+8)=VR+VS=divR +divS, (22) 
- and similarly VV(R+8)=curl (B+8)=curl R+curl8. (23) 


Then, the application of V to a product of a pair of scalar functions 
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does not present any difficulty; since 2 (Gy) = $29 /0x + ¥ Ὀφίδα, 
etc., we have simply 

V (dy) = VY + V9, 7 (24) 
ie * slope (py) -- slope ¥ + Ψ slope ¢. 

Similarly, the application of V to a scalar product of a pair of 
vectors does not bring in anything new; (ΒΒ) is simply the slope 
of the scalar magnitude RS or of «2S cos 9, if the angle included by 
BR, 8 is 0; thus we may write 

V(BS) = RSV (cos 8) + Scos OVA + R cos OVS. 
But, as far as I know, it is never met with in practical applications. 

Of greater importance is the application of V to the vector- 
product of a pair of vectors, VBS. Since this is a vector we 
may operate on it by V either scalarly or vectonally, thus giving 
uae Ὁὸ div VRS =VVBS 
and curl VRS = VVVRS. 

Let us consider the first of these expressions. If V were a real 
vector, say A, then we should have, by Theor. IIL., 

AVES =RVSA=SVAR= —-RVAS; © 
consequently, if the vector 8 were constant, in space, we should 
have, writing again V instead of A, 


VVES=SVVR=ScurikB; 
in the same way, if R were constant and 8 variable, we should 
have VVES= -RVVS=-BeulS. 
Hence, both B and 8 being variable, we have 
VVRS = div VRS=8 curl RB -- Rcurl 8. (25) 


This formula is of particular importance in Electromagnetism ; it 
serves, for instance, to show almost immediately that, R=E and 
S=M being the electric and the magnetic force, respectively, their 
vector product VEM, multiplied by the (scalar) velocity of light in 
vacuo, gives the flux of electromagnetic energy, per unit time and 
unit area, i.e. the so-called Poynting-vector, which already has been 
mentioned. : 

In the same way, the application of the formula (4) of Vector 
Algebra to the second of the above expressions gives 

VUVBS =R(V8) -8(VR) + (SV)B - (RV), 
.¢. curl VRS =B.div 8 —8.div BR + (8V)R -- (RV)S8, (26) 
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where (8V) is an operator composed of 8 and V in the same 
way as the scalar product of a pair of real vectors, that is in 
Cartesians, for instance, 


(8V)=S, -- + Sy 5 +S; -- (27) 
The same meaning is to be attributed to (BV) in (26). 

Having thus obtained the required formulae (25), (26) by a method 
which may seem dubious to the reader, it is desirable to verify 
the validity of these formulae, and consequently the legitimacy of 
the short and almost brutal method adopted. Now, this is done 
in a moment by Cartesian development. Thus 


ἽΝ 2 
div VBS = τ (RySy ~ RySy) Ὁ (RyS, τ Αγ. +2. (R,Sy- Re) 


= 5,(S3-$3) + etc. - a (3-3) — etc. 


=Scurl B-Bcurl 8. Q.E.D. 
In the same way the reader may verify the formula (26). 

_In the above we had the opportunity of encountering the operator 
(8V), as developed in (27). As it occurs rather often in practice, it 
may deserve here a few remarks. This operator is composed, 
scalarly, of 8, which means any real vector, and of the Hami/tonian 
VY, which we may call, after the example of Oliver Heaviside, a 
‘fictitious vector.’ ; 

All directional peculiarities of αὶ and V, if considered separately, 
disappeared after they have been melted together into the scalar 
composition. That is the reason why the operator (SV) has a 
purely stalar character. It does ποί change the nature of the 
magnitude operated on; that is to say, when applied to a scalar ¢ it 
gives a scalar, and if applied to a vector B it gives a vector; thus 

ak PO ee 15: 
(SV) p=S, ΠΥ By ΤῊΝ ὃς =8(Vo) 
or simply =8V¢= scalar, 
the parentheses in this case being superfluous; again, 
(SV) R = (8V)(iX, +52, ΚΛ 
=i(8V) &, +j(8V) κα, +k (8V) 2, = vector. 
Here the parentheses are necessary, since 8(VR) has a different 
meaning from (SV)R, namely 
.§(VR)=S8.divR. 
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Observe that V@ is the slope of ¢, and consequently (8V)? or 
SV d is the component of the slope of ¢ taken along 8 and mu/tipiied 
by the tensor S. Particularly, if s be a unit-vector, sV¢ is simply 
the component of the slope of ᾧ along & or 


s\ ᾧ = Ἢ (28) 


so that sV is the symbol of what is commonly called axia/ differ- 
entiation, i.e. differentiation along the direction of s. And if s=n 
be the direction of the most rapid increase of ᾧ, ἐξ. the direction 
of the resultant slope, then 


n\ p> = as 


and this follows also immediately from the previous formula (20), 
after scalar multiplication of both sides by m, and remembering 
that n*=1. 

Finally, let us consider some #erattons or repetitions of the 
Hamiltonian VY, such at least as are met with most often in the 
physicist’s practice. 

In the first place, if ᾧ be any scalar function, then, as we already 
know, τῴ is a vector. Now, it may again be operated on by V, 
either vectorially or scalarly. In the jirsf case, we have 

VVVb=curl Vo=0, (29) 
identically, since as -ξ-ο, etc. Thus, a vector which has 
a (scalar) potential is irrotational, Observe particularly the form 
VVV¢=o, and compare it with the identity VAAd=o which occurs 
for any real vector A; thus, also in this regard, V behaves like a 
real vector. 

Again, in the second case, we have 

V (Vo) =div V¢; 

in this case the omission of the parentheses cannot give rise to 

any misunderstanding, and consequently we may write also 
VV, or more shortly V*¢=div V¢. (30) 

As to the Cartesian expansion, remember that, by (15), 

nee 9.718 Od Op Od 

div νῷ =— sf) 4. = Sat pata 

Again, taking the scalar square of V, i. 

(iV, +5V. +kV;,)°, 
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and remembering that ij=o, etc., 1ϑ τευ, etc. we get 
eo fF 83 
=A Ἔ δὲ + 513" (31) 


that is, when applied to ¢, precisely’ the same thing as above 
for div V¢. . 

Thus, the last operator, V2 which is widely known as the Laplacian, 
and which has a purely scalar character, may be defined simply 
as the scalar iteration of the Hamiltonian Ὁ. It is of very great 
importance in nearly all branches of mathematical physics, especially 
in gravitational problems, in Electromagnetism, in non-rigid Dynamics, 
in Conduction of Heat and in Diffusion. ; 

Since V? is an operator of scalar character, it may also be applied 
to a vector R, without any further explanation. Thus 

VR =V2(iX, +...) =iV2R, +jV22, +kV2R, ; (32) 
this is a vector as well as B& itself. In the same way V*dhb was 
a scalar, as was ¢ itself. 

Tn (32), the operand being any vector R, the operator V has been 
taken both times scalarly. Now, what remains still to do is to apply 
V to BR: : 

1” first vectorially and then scalarly, giving rise to div curl RB, 

2° both times vectorially, giving rise to curl curl Β. 

Remark that the third eventuality, curl divB, is pure nonsense, 
since, divR being a scalar, its curl is meaningless, 

Now, in the case 1° we have seen that 

div curl R=o, identically, 

Thus, what remains to be considered is the case 2°. Now, 
curl curl R, z.e. the curl of the curl of BR, which is usually denoted by 
curl?R, is the same thing as 

VVVVE. 
Hence, treating V as a vector and applying the formula (4), or 
rather its special case (5), we get ‘ 
curl?R=V(VR) —V2B, 
ie. curl?R = V div BR - V?B, (33) 
or, in words: curl of curl=slope of divergence minus Laplacian. 

This formula, which is also of considerable practica] importance, 

may again be verified by Cartesian expansion. 


As regards the application of the above elementary notions of 
Vector Method to Mechanics, it may be remarked here that the 
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Hamiltonian VY will be needed in Chapters II., III, IV. only in 
its simplest aspect, fe. as the slope of a sca/ar function. The 
operators cur! and div or VV and V in application to vector functions 
will not occur before Chap. V., which treats of deformable bodies. 

Meanwhile, therefore, let us here put together and mark with 
Roman numbers the few vector formulae which will be completely 
sufficient for the Mechanics of a particle or of a system of material 
particles and, in particular, for Rigid Dynamics—Chap. 1. ΤΠ. 
IV., respectively. Τὸ avoid digressions, I shall cite them shortly, 
if necessary, by reference to the Roman numeral. 


AB=BA. (1.) 
A(B+C+...)=AB+AC+.... (11.) 
VAB= - VBA. (111.) 
VA(B+0+...)=VAB+VAC+.... (1v.) 
AA = A? = A? (v.) 

VAA=o0. {ν1.} 

AVAB=0, ΒΝΑΒ-ο. (vil.) 
AVBC=BVCA=CVAB. (vi11.) 
VAVBC = (AC)B —(AB)C. (1X.) 
Voan σφ. (x.) 


Other formulae belonging to pure vector calculus, .e. independent 
of any mechanics, will be given, on the basis of the above preparatory 
sketch of this modern mathematical language, always under Roman 
numerals, (x1.) etc., in the following chapters, as the need arises 
in the subject under consideration. 


V.M. D 


CHAPTER IL. 
GENERAL PRINCIPLES. 


D’Alembert’s Principle. 


ConsipER any system of material particles τ, 2, etc., of which the 
masses are Μη, m,, etc, and which are acted on by what are 
technically termed the ‘impressed’ forces F,, F,, etc., respectively. 

The position of the particle τ at the instant of time 4 relative 
to some point of reference O, chosen at random but once and for 
- ever, will be determined completely by the vector r,, of which 
the length O1 is the tensor and 0 - αὶ the direction (Fig. 25). 


Fiti. ὅτ, 


Similarly will the vectors Τὸν Τῷ (generally r;) determine the instan- 
taneous positions of the other particles, viz. 2, 3 (generally ἢ). 
Omitting, for the sake of brevity, the index, we shall denote simply 
by r the vector corresponding to any one of these particles, and by 
m its mass. We could say, shortly, that, for our purposes, a 
material particle is characterised by one vector and one scalar 
(position and mass). 
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The instantaneous velocity of such a particle, as regards both 
direction and absolute value, will be given by the vector 


and, similarly, the acceleration by the vector 
d*r 
v=" 
It is scarcely necessary to say that the directions of the vectors 
τ, r, F will, generally, be different from one another. 
If the system be free, we should have simply for every particle 


separately, by Newton, mt =F (a) 
or m¥-F=o. But if the system is constrained, these vectors, say 
mt —-F =§, 


will generally not vanish. The name of ‘/ost forces’ was long ago 
given to the vectors -8.* 

Let dr be an infinitesimal virtual displacement of one of the particles, 
7. a displacement permitted by the connections of the system. 
If, to give an example, the particle 1 is constrained to remain 
always at a constant distance from the point O, we have 

: γέ =r," =const., 

so. that r, or, =0; 
that is to say, the virtual displacement 6r, is perpendicular to the 
vector ¥, or tangential to the sphere of radius 7,=const.,—a state- 
ment which after all is only a slightly changed enunciation of the 
original supposition. If, to take another example, two other particles 
2, 3 are connected by a rigid bar of length 4 we have 

(xr, —1,)* =/* =const., 
whence (r, —¥)(dr, — ὅτ.) = 0, 
an equation which tells simply that the difference of the displace- 
ments of the particles 2 and 3, or their ve/ative displacement, must 
be normal to the bar. 

Observe the sea/ar character of the connections in both examples 
given above: r,=const., /=const, Every one of such scalar con- 
ditions takes away one degree of freedom of the system. We 


“For the history of this subject, see for instance: E. Mach, Die Aechanié 
= threr Entwickelung, Leipzig, 4th edition, 1901; Lncyhlop. a. mathem. 
Wissenschaften, Vol. IV. Heft 1, Leipzig, rgot. 
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emphasise this point, because the conditional equations, expressing 
the connections, can also be of a different kind, namely vectorzad. 
Let, for instance, one of the particles be constrained to remain on 
a given straight line; this condition can be expressed by two scalar 
equations, for instance by the equations of two planes intersecting 
along that straight line ; these two equations will deprive the particle 
of two degrees of freedom. But we can do this in a simpler way, 
viz. by writing down a single vector equation 


r=aa+b, 


where a is a constant vector taken in the direction of the straight 
line in question, b any other constant vector (which runs frem O to 
any arbitrary point chosen once and for ever on the given straight 
line), and « a freely variable scalar. Then we shall get 


ὃγ τε ἃ dx, 


which is the most immediate expression of the condition requiring 
the particle to remain on the given straight line. ‘This one vector 
equation deprives the particle of as many degrees of freedom 
(.e. two) as did the two scalar equations mentioned before. But 
these are, obviously, pure questions of form. Further on, when 
considering the equations of Lagrange (in their ‘first’ form), it will 
be convenient to express all the connections of the system in the 
scalar form, ie. by scalar functions of vectors. But meanwhile the 
choice of the form is quite indifferent. 
As to the definition of virtual displacements, the following further 
circumstance must be emphasised here : | 
The conditional equations, ἐμέ. the equations expressing the 
connections, may contain the time ¢ explicitly. If this be the 
case, we call virtual only those displacements which satisfy these 
equations, after we have put in them t= const. 


From this additional explanation of the definition it follows, for . 


instance, that the real displacements dr occurring during the motion 
of the system, in the time interval αἱ, are virtual displacements when 
and only when the connections do not involve the time explicitly. 
To give an example, if one of the particles is constrained to 
remain always on the surface of a sphere (of radius #), whose centre 
C is moved about in space in a given way, the corresponding 
conditional equation will contain ¢ explicitly. In fact, denoting by 
1 the vector drawn from the fixed point O to the centre Οἱ at the 
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time being (Fig. 26), we have as the expression of the supposed 
constraint : (r - 1)?= R. 


Fic, 26. 


Now, 1 being an explicit function of the time, this condition 
contains explicitly the variable 4 In this case, then, a wrtua/ dis- 
placement of the particle (m) will be a displacement or, which leaves 
it on the sphere supposed to be sfopped, i.e. in which 1 is treated as 
a constant; thus, the condition for ér will be 

(r-1) dr=o0, 
or ér L to the vector r—1, in the instantaneous position of the 
sphere’s centre. In this case the real displacement 
dr=vdi 
will generally zof be contained among the virtual displacements, for 
it may have a component (not only normal but also) parallel to 
the vector r—1. 

Having thus explained the precise meaning of the virtual dis- 
placements ér,, dr,,‘etc., generally ὃς, we can now write down the 
principle of d'Alembert in the vector form. 

This principle, expressed briefly in the old-fashioned manner, is 
that the virtual work of ail the lost forces is equal to sero.” 

The virtual work of the ‘lost force’ S=mi-F is the product of 
the absolute value (or tensor) of the virtual displacement and of the 
component of 8 along this displacement, or, by the definition of the 
scalar product of two vectors, is equal to 8 ὅσ. The ‘virtual work’ 
of all the ‘lost forces’ 8,, 8,, etc., is the algebraic sum of similar 


* For its history see Eucyklop, d. math. Wiss., loc. cit. p. 78. 
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products for all the particles of the system, #e. 8,6r, +8,ér,+ ... 
or, more shortly, =S dr. 
Thus, the vector expression of d'Alembert’s Principle is 
(mit - P) ér =o, (1) 
where the summation extends to all the particles. 

Henteforth, deducing from (1) particular corollaries, and also 
transformations not less general than (1), we shall try to travel by 
the purely vectorial road, fe. without recurring to any artificial 
splitting of forces, or of accelerations or of the virtual displacements 
themselves, into components, rectangular or other. 


Lagrange’s Equations.* 

These equations are wholly equivalent to d’Alembert’s Principle, 
ie. they express the same thing in a different form. 

When the system is free, the displacements ér are perfectly 
arbitrary and independent of one another, so that it follows immedi- 
ately from (1) that for every particle 

my — F=o, 
as in (a) above. The equations (a) are already Lagrange’s equations 
for a /ree system. 

But let the system be constrained. Let its connections be expressed 
in a finite form (Ao/onomic system) by «x mutually independent 
oa pis p=0, Y=0, X=, etc, (2) 
where «, ¥, x, etc., are sca/ar functions of the positions of all, or of 
some, particles of the system, which functions may also conta 
explicitly the time ἃ | 

We have no need to trouble ourselves whether the positions of 
the particles 1, 2, etc., on which ¢, ¥, etc. depend in a given 
manner, are expressed by rectangular or polar, or any other co- 
ordinates of the particles, or by the above r’s. It is sufficient to 
know that #, for instance, depends in some given way on the 
position of the particle 1, and say also on the position of 2, 3, 4, etc., 
fe. that @ changes its value when one or more of these particles 
change their position in space. The reader may imagine, if he 
wishes, that ¢ is from the beginning given as some scalar function 
of the vectors-r,, Τὰν -..; or, if it is not given in this form, he may 
imagine it to have been reduced to this form. But for the general 


* Of the ‘first’ form. 
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consideration of our subject all such questions are completely ' 
indifferent. 

It is sufficient to know that ᾧ, and similarly ¥, etc., vary ma 
manner which depends on the positions of the particles 1, 2, and 
so. on. 

Now, if @ depended only on the position of one particle, we should 
denote the gradient or s/ofe of this function by V¢, and if r be 
the vector corresponding to this particle, then, from the condition 
¢=const. =o, would follow 

Vo.ér=o 
as the condition for the virtual displacement ὅσ. 

But, as @ may depend on the positions of several particles, 1, 2, 
etc. (generally ἢ), of which the corresponding vectors are T,, Ta; etc. 
(generally τῇ, we cannot of course speak simply about ‘ éhe gradient ’ 
of this function φ, but we must specify also the particle, relatively 
to whose displacement in space the gradient has to be taken. For 
this purpose we shall add to the symbol V the index q, OF (2 
or generally {ijy 50 that 

Vy, Vey, generally Viy?, 


will be the gradients of @ corresponding to change of position of 


the particle 1 only, or 2 only, or ἡ only, while all the remaining 
particles are considered to be fixed. These gradients could be 
called partial gradients, in the same way as we speak of partial 
differential quotients in ordinary, scalar analysis. Each of the 
partial gradients Vij? is, of course, a vector, namely a vector normal 
to that surface which is expressed by ¢=const., on the supposition 
that all the particles, implied in ¢, are fixed with the exception of 
the ἐπ particle. 
Using this notation, we get from ᾧτε ο the following condition 
for the virtual displacements : 
Vy - ὅτι + Vij Oty + --. πὸ 
or, written shortly, Σνωφ. ὅτ, Ξε 0, 
where the summation extends to all the particles of the system. 
Similarly for the remaining conditions ~=0, x=9, and so on. 
Hence, by considering all the « connections (2) imposed on the 
system, we get as many equations for the virtual displacements : 
oe sal 
(« equations) Jenene | (3) 


“-ὦ ὃ ἃ αὶ α ee | 
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To satisfy d’Alembert’s principle (1) and also the conditional 
equations (3), the well-known method of Lagrangian indeterminate 
multipliers can be used. Multiplying, then, the equations (3) 
respectively by the scalar coefficients A, μι, etc., then adding them 
to the equation (1) and equating to zero the coefficient of each 6r, 
separately, we get the required Lagrangian equations of motion 

mi, = F, + Vine + pV ig Me cubs (4) 

The number of these equations is equal to the number of particles, 
say π. We have then x vector differential equations (4) and « sca/ar 
equations (2) for the # vectors Τὶ» Τὰν -..t, and the « scalar multi- 
pliers A, p,.... (In Cartesian language we should say: we have 37 
scalar differential equations and « equations expressing the con- 
nections, that is 32+ equations for the 3 coordinates and the « 
multipliers A, p, ....) 

The equations (4) are of the 2.4 order with respect to the time ἐ; 
if then for the initial instant ὅπ ῳ the positions and the velocition, 
i.e. the vectors (T1)o; (Ty)o» rong (Tyo) (Te)p: “79 
be given, the whole motion of the system, or its time-history, will 
be determined, on the supposition, of course, that the forces P, are 
given functions of the positions and velocities of the particles con- 
stituting the system. ‘These forces, as well as the connections, 
may contain the time ὁ explicitly. The reader will observe that in 
deducing (3) from (2) the time has not been varied, according to 
the observation made above in regard to the complete definition 
of virtual displacements. 

As an example of the application of (4), take the case of a 
system consisting of a séxg/e particle constrained to remain on the 


suriace b= 0, (2a) 
In this case (4) gives . 

my = F + AV. (4a) 

As the vector V¢ is normal* to the surface in question, the 


additional force = Vanden Bo (s) 
expressing the ‘reaction’ of the surface, is normal to the surface. 
To find its intensity a , 
Nar, (5) 
we have only to determine the Lagrangian coefficient A from the 
given condition ¢=o0. 
| * By (x.), Chapter I. 
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Let, for instance, the surface ¢=0 be ἃ sphere at rest, of radius κ᾽ 


and centre O; then p= 4 (7? — KR?) =0, (25) 
so that : Vo=n Sanrank =r. (6) 

Hence, the Lagrangian equation of motion will in this case 
become mi =F + dr, (4d) 


To find A, write simply, according to (v.), 
7 =r =const. = ΚΞ, 
and differentiate with regard to δ; then 
IT =0, 
and differentiating again : 
rF+7f =o. 
Now substitute F from (44); then 
o=Pr+ Ar? + mr = RPn + AA? + mo"; 


hence : AR= —Fn- a (7) 


where v=i is the instantaneous velocity of the particle. 

From (7) we get, by (5) and (6), the final expression of the force 
of reaction at 
Ν-λι- -n(Fn+ mY (8) 


Remembering that Fn is the normal (or radial) component of the 
impressed force F, the reader himself will translate the formula (8) 
into physical language and recognise it as a well-known proposition 
of elementary dynamics. 

To get from (44) the differential equation of motion of a simple 
pendulum, of length &, we have only to write 

P = mga, (9) 
where g is the ‘terrestrial acceleration’ and a denotes a vertical 
unit vector, pointing downwards. 

It will be observed that multiplying scalarly the " Lagrangian. 
equations (4) by the corresponding 4r,’s and adding them, we get, 
by (3), the Principle of d’Alembert, which was our point of departure. 
Thus, the equations of Lagrange, with given equations of the con- 
nections of the system, are wholly equivalent to d’Alembert’s 
Principle, 
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Hamilton's Principle. 

This also is equiyalent to d’Alembert’s Principle. The vectorial 
road, again, leads very easily from the second to the first, and 
wice versa, 

Denoting the virtual work of all impressed forces F by 0 ΠΝ 
i.e, writing, for the sake of brevity, 


OH = =Fér, (10) 
the Principle of d’Alembert becomes 
Smitér = 5 IV. (1') 


Now, for each particle separately, 


@ (tor) ἔδεε ὦ dra ¥or τ δός 


=F ér+v dv; 
᾿ ἐδ“ , (vor) -- ἀδ(ο5), 


where v=f is the velocity of the particle in question. Multiply 
both sides by its mass m and sum up for all the particles of the 
system; then, by (1), 
δέν + δ' W=< Σηεν ὃς, 
or, denoting the ws-civa or Aineltic energy of the whole system by 7; 
fe. putting $2me*= 7: 
874.8 Wa 5 Σριν or 
hence, by integration from any instant ‘=a to any other arbitrary 


instant ἐξε ὁ: ff @7+5 17) dt [Sm δ, (s1) 


where [ J]? denotes, as usual, [ ],_,-[ ],... 

Now, if the displacements ὅσ, virtual but otherwise arbitrary 
during the interval of time a > ὁ, vanish for the terminal instants 
a, ὁ themselves, the night side of equation (11) is =o, so that 

[σε δ' W) dt=o, (12) 
and this equation (together with the condition of vanishing 4r’s 
for the instants @, 4) is an expression of what is called Hamilton's 
Principle. 

* We write 8° (and not 317) to emphasise that this infinitesimal work js, 
generally, #of a aie te variation of a function of alates and time. 
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Observing that the instants a and ὁ can be chosen in an arbitrary 
manner, the reader will easily pass back from Hamilton's to 
d’Alembert’s Principle. 

The deduction, from (12), of the so-called ‘second’ form of 
Lagrange’s equations of motion is a purely sca/ar question, and can 
therefore be omitted here. Moreover, it is accomplished in a few 
lines by introducing the configurational coordinates 9), 99; --.¢. 
(s=number of degrees of freedom) and the corresponding velocities 
δι» ἦν» - δεν and integrating by parts the terms 5-8), so tha 
- 5a) ὄψι come in instead ; in this way, writing δ΄ ἢ Ξ ΣΟ, ég,, 
so that Ὁ, is the (generalised) force corresponding to gy, the reader 
will get immediately from (12): 

a= ΚΞ; - 5, d=, Boxe Shy (a) 
which is the well-known second form of Lagrange’s equations of 
motion. 

Still one remark. In Hamilton’s Principle (12) not a single heavy 
(clarendon) letter occurs, which circumstance is the most evident 
sign of its scalarity ; all space-directional properties have disappeared, 
and this is what constitutes the advantage of Hamilton’s Principle, 
inasmuch as it permits us to introduce directly eny configurational 
variables or independent parameters equal in number to the degrees 
of freedom of the system, without regard to the particular type of 
its connections. 


CHAPTER III. 


SPECIAL PRINCIPLES. 


Let us now consider three principles or propositions, less general 
‘than d’Alembert’s Principle, which follow from this principle under 
particular conditions. 


1, The Principle of Vis-viva. 

If the equations (2), or the ‘connections’ of the system, do not 
contain the time / explicitly, then among the virtual displacements 
dr, are also contained the actual displacements ἐσ, of the particles, 
occurring during their motion in time, viz. in the time-element dv. 
For a system, then, which satisfies this condition we can put in 
d’Alembert’s Principle (1): 

ὅσ, τ 1, df= v;, dt, 
where df has “te same value for all particles ¢=1, 2, etc. Hence, 
writing f= Vv, and omitting the common factor αὐ, we get 


SF -- 2mvy = 5 ΣῈ νοῦ, 


or, denoting again the kinetic energy of the system by 7; 
Ps ae 
- = Σ ἘΝ - =Fr. (13) 
This equation, true for any instant 4, can be read as follows : 

The increase of kinetic energy of the system, per unit time, is 
equal to the activity of the impressed forces or to the work done by 
them on the system, per unit time. 

Integrating both sides, we have 
Ty - Τῷ, τ Wo, (14) 
where W,,,is the work done on the system in the interval from ἔξξ ἃ 
to ἐπε. 
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This is the principle of Vis-viva. 

In particular, if the forces F, have a (scalar) potential independent 
of 4, fe. if : Ἐπ νοῦ (15) 
and 0U//e/=o0, then 

SPE ,-Σ πεν σα SS 
ἘΠῊΝ <5 ae 
ες by (13): $7 U)=0 ἀζὼ 
or 7-- U=const. ἴῃ other words, the function 7᾽-- U 15 an invariant 
of the system. | 

- U js called the potential energy and 7"-- U the otal energy ΟΥ, 
shortly, ¢ke energy of the system. Thus, under the conditions stated, 
the energy is an invariant of the system, or rather one of its invariants, 
inasmuch as a system of more than one degree of freedom has several 
essential, “ec. mutually independent, invariants. A system of s 
degrees of freedom (in the common, mechanical sense of the word) 
has 2s—1 essential invariants. They cannot all be found with the 
same ease,—but that does not matter here. 

If the potential 7 is a one-valued function of the position of the 
particles, then 7’ recovers its value every time that all the particles 
pass through their original positions. This property is called the 
principle of conservation of Vis-viva. 

Note. If the connections of the system do contain the time ex- 


τ plicitly, then the equation (13) 1s not satisfied ; to obtain the more 


general equation which then ἐς true, multiply Lagrange’s equations 
(4) scalarly by the corresponding v;’s and add them together ; then 

GM = SEW + SV Vuh + Vo + 5 (2) 
but, by total differentiation of the conditions ¢=0, ¥=0, etc., with 
respect to 4 


| Ὁ 
᾿ ἘΣνυΜ Φ =0, = + 2viVinh =0, ete. 
. er Op _ OY (16 
o. Ἵ = TEV — A x, BS; ome (1 ) 


which is the required equation, satisfied for any system. 
If φ, y,... do not contain the time explicitly, we have 
a =o, Xmo, etc., 
and (16) reduces immediately to (13). 
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The reader mu not be surprised to see the increase of kinetic 
energy, in (16), not to be equal to the work of the impressed forces. 
Go a step backwards, to (a), and the reason will appear immediately. 
For this purpose it will be sufficient to consider a system consisting 
of a single particle subjected to one constraint only, say, a particle 
constrained to remain on the surface ¢=0 which is moved about 
in space in any given way, so that ᾧ contains ¢ explicitly. Then (a) 
reduces to aT 
MEV + AWG ; 
but, returning to the equation of motion mt=P +AV¢, we see that 
N=AV4, as in (5), is the force of ‘reaction’ of the surface. Hence, 
the above equation may be written 

=Fv+Nv=(F+N)y, 
or in words: the increase of kinetic energy ἐς egua/ fo the work done 
by the total force, impressed p/us reactive. | 

Observe that N is a/ways normal to the surface ᾧ τ ο, be it fixed 
or moved. Now, if the surface is fixed, then v is tangent to it, and 
Nv vanishes, so that the ‘reaction’ does no work ; but if the surface 
be moved, then v is generally not tangential, and N does work, 
the activity of N being 


Nv=AvV¢= -A ce 
lf, for instance, the moved surface be a sphere, then (as in a 
previous example, to which corresponds the Fig. 26) 
$= 4(t-1)?-}R?=0, 
and Sta - -ἡ δὲ. - Rav, 
where v, is the velocity of the centre C of the sphere. Now, nv, or 


the normal component of the velocity of C is generally different 
from zero, and so also will be the supplementary activity, 


Nv =AANyv.. 


2. The Principle of Centre of Gravity.* 


If the connections be (none or) such that it is possible to displace 
_ all the particles of the system simultaneously dy one and the same 


*=centre of mass. 
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length δὲ in one and the same direction a, or, in mathematical 


language, if it is allowed to put 
ὃν, = ὃς, =... = dr, =a Ge, 

where ἃ is some unit-vector and δὲ an infinitesimal scalar, it follows 
from d’Alembert's Principle (1), by omitting the common factor 
δε, that aS (mi —F) =o. (a) 
Here Fa=aF is the component of the force F along a; denote it 
by F, and write =mr= MB, M= =m, (17) 
also «5. for the component of the vector 8 along a; then, by (qa), 

Ms, = Mo = ΣᾺ, (182) 

The point defined by (17), ἐξ. the end of the vector 8, is called 
the centre of gravity or, more correctly, the centre of mass of the 
whole system; .S, is its coordinate measured along a, the initial 
point of 8, as of all the r’s being O. Bearing this im mind, the 
reader will easily recognise (18@) as the expression of the principle 
of motion of the centre of mass, for the direction 4. 

It is scarcely necessary to say that the position of the centre of 
mass is independent of the choice of the point of reference QO, or 
of any auxiliary framework (or system of coordinates), and that it 
depends exclusively on the distribution of mass in the system.* 
If this distribution be continuous in space, the summation = be- 
comes an integration : 


a= {an ΗΠ ἅτ, M8~ | rp ar 


p being the density of mass and dr an element of volume. 

If some other direction b has the same property as a, we have 
not only (¢), but also bY (mi -- F)=0 (ὁ) 
or MS, = f,. 

But then this property belongs also to any direction k parad/e/ fo 
the plane a, b; in fact, any such k can be put into the form 
k=xa + yb, 
where x, }" are scalars; hence we have only to multiply the equation 
(2) by x and (ὁ) by y, and add, in order to obtain 
k= (mr -- F)=o. 


*The vectorial proof of this statement is left to the reader as an exercise. 
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If, finally, a third direction ¢, not coplanar with a, Ὁ, also possesses 
the property of a, b, we have 
| cS(mr -F)=0 (Ω 
ΟΥ̓ MS, =<=F.. 
Then, and only then, it follows, from the three equations (a), 
(ὁ) and (c), that the whole vector =(m¥-F) vanishes, so that 


a 8 
M8 = Mx = =F, (18) 


which is called the principle of motion of the centre of mass, without 

any reservation, z.¢. for a// directions in space. 

In particular, if all the impressed forces are in mutual equilibrium, 
ie. if ΣΡ το, or—in other terms—if the vectors F, arranged in a 
chain, form a ¢c/osed polygon, 

S=o; .. S=A/+B, , (19) 
A and B being constant vectors. Under these conditions the centre 
of mass has a uniform motion along a straight line. This is the 
principle of conservation of the motion of the centre of mass. 


3. The Principle of Areas. 

If the connections of the system permit every particle of tt to be 
simultaneously turned through the same angle 86 about the same axis 
a, te. if (taking the point of reference O on /Ais axis) 

ér;=60.Var,, ἐπεὶ, 2,.-.2 
is a virtual displacement, then introducing it in d’Alembert’s Prin- 
ciple (1), and omitting the common factor 66, which is a simple 


scalar, we get S(mtVar -- FVar) =o. 


Now, by (vi.), PVar=aVrF, and similarly fVar=aVrr, and as 
the axis of rotation a is, by supposition, the same for all the particles 
of the system, it can be put before 2, so that 

ad(mVr¥ -- VrF) =o. 

The vector sum SVrF 

is the resultant moment, about O, of the impressed forces, as regards 


both direction and intensity; denote it by L. ‘Then, remembering 
that Vrr=o, identically, we have 


d δ τὰ 
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so that the last equation takes the form 
a| 5 2mVrv 1} =o, (a) 


Similarly, if the whole system can be turned also about another 
axis Ὁ passing through O, and also about a third axis ὁ passing 
through O and not coplanar with a, b, we have 


b{as above} =o, (ὁ) 

c{as above} =o, (c) ὁ 
and from the three equations (a), (4) and (c) it follows that the 
bracketed vector expression must vanish, or that 


εἶ 
7; =mVrv az I. (20) 
The vector product $¥rv expresses,* by its tensor, the area swept 
out by the vector r in unit time in the plane σ, v, its direction being 
normal to this plane. Whence the name principle of areas given to 
what is expressed by (20). 
It is he principle of areas, without reservation, 2,6. for any con- 
ceivable axis of rotation, 
| The equation (4) alone, for example, is the principle of areas 
belonging to the axis ἃ. viz. for areas swept out in the plane normal 
to 8. 
The yector sum 
SmVrv 
is what is called the moment of momentum of the whole system, 
about Ὁ. 
Thus, (20) may be enunciated: 
. The rate of time variation of the moment of momentum is equal, 
in absolute value and direction, to the resultant moment of the 
impressed forces, both moments being taken about the same point 
QO, which, of course, can be chosen in a perfectly arbitrary manner. 
In particular, if το, we have the conservation of areas, ὦ. 


or =mVrv=C, (21) 


the vector @ being constant both in its tensor and direction. The 
plane normal to this vector © is called the invyariabie plane of the 


eS * As shown in an example, given in Chapter I. ; see page 27, 
-M. E 
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system. If the system consists of a single particle, then its orbit 
lies in this plane; in this case (21) reduces to 

Vrv=const. 
(Kepler’s II. law, for instance). 

If not the whole moment L, but only some component of it, say 
La or Z,, vanishes, the principle of conservation of areas applies 
only to the axis a, #e. to the areas swept out in the plane normal 
to a. In such a case we have only one sca/ar invariant, viz. 
almVrv=const. Ὁὦ 
_ But if L=o, as above, we have (21), fe. one wecfor invariant, 
which is equivalent to ¢Aree scalar invariants. 

The principle of conservation of areas, in its full extent, holds, for 
instance, for a system of free particles acted on by ‘central. forces,’ 
te. by forces P, coinciding in direction with the corresponding 1s, 
because then for each particle separately VrF =o, and hence L=o. 

Kepler’s second Jaw, already alluded to, is the same thing as 
conservation of areas for a single particle, viz. a planet in its motion 
round the sun. Its equivalence to ‘centrality’ of motion has been 
already shown in Chapter I. 
᾿ To illustrate the simultaneous validity of the principle of con- 
servation of areas and of vis-viva, let us consider a single particle, 
not subjected to any constraint and acted on by a force F, not only 
central, i.e. directed towards or from the fixed centre QO, but also 
such that its intensity is a function of “ie distance r alone (r being 
the tensor of r), say F= Fir). 

The unit-vector drawn from O to the particle, at the time being, 
may be written 1/7, hence 


F=r ΑΣΑ 
Now, put [) dr= U= U(r),* 
so that Rr) =; 
then U will be the fofential of the force F, ze. 
P=VU. 


In fact, since U depends only on 7 and since VU means simply 
the slope of U, we have, by Chapter I., 
son FOO A” 
v — ——=f. Q.E.D. 


*The additive constant of es being unessential. 
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Thus, our force F has a potential, and since it is besides a cenxtra/ 
force, both the principles mentioned above hold, ze. 
ἔν — U(r) =<¢, (a) 
| τν -- ἃ, ᾿ (β) 
where ¢ is a scalar constant, namely the total energy, and a a vector 
constant; its tensor, a, is twice the area swept out by the radius 
vector, per unit time; and since also the direction of a is constant, 
the vectors r, v are always in the same plane containing OQ, ἐμε. the 
particle describes a p/ane orbit round O. If the revolution round 
O, in the plane of Fig. 27, be clockwise, then a is normal to the 
paper, pointing away /rom the reader. In other words, a, r, ¥ is 
a right-handed system. 


Fic. 27, 


To obtain the equation of the orbit, we have to eliminate the 
velocity 7 from (a), (8). Multiply both sides of (8) vectorially by 
v; then, by the fundamental formula (1Χ.), 

Vva=VvVrv=o'r —(vr)v; 

multiply this scalarly by r, getting thus 

rV va =o"7* — (vr)", 
or, since by (vu11.) rVva=aVrv =a", 

Ὁ" — (vr)? =a*. - 

If 1 be a unit-vector tangent to the orbit, drawn in the direction of 
motion, then v=7l, and consequently — 

Ὁ {7° — (rl)?} =a?. 
Now, if εἰ be the angle included by r and 1, 

rl=rcose, 7*—(rlj*=7"sin*e; 


hence wrsine=a or 
vD=a=const., (B’) 


where D is the length of the perpendicular from O upon the tangent. 
Thus, the velocity is inversely proportional to this perpendicular, — 
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which is the known ¢heorem of Newton, holding for any central 
motion. Observe that (8’) has been deduced uniquely from (8), 
without recurring to (a), Ze. to the existence of a potential. 

Combining (f’) with (a), the required elimination of a is effected 
immediately, leading to 


tt, Ulir)=4 (y) 


which already ἐς the equation of “e orbit, for any daw of depend- 
ence of the central force on the distance 7, #.e. for any form of 
the function (7). 

In particular, if this be the JVew/onian law of gravitation, say 


Fr. 2% 


᾿- 

(where J is a constant), then 
U -|7 adr= 
and the equation of the orbit, (7), ὌΝ 


=, 


where everything but D, 7 is constant. The proof that this is a conic, 
with one of its foci in O, may be left to the reader. 


CHAPTER IV. 


RIGID DYNAMICS. 


For studying the motion of a rigid system, let the vector r=O>m 
determine, as in the preceding chapters, the instantaneous position 
of a material particle m of the system in question, relatively to the 
point O, which can be regarded as a point belonging to some ‘fixed’ 
system of reference* (see Fig. 28). The instantaneous velocity of 


Fi. 23. 


the particle m, also relative to O, will be, as before, 
v=arj/di=r. 


* The reason being that in order to determine a vector r in absolute value and 
direction, a single fotnt of reference O is not sufficient ; to do this, some extended, 
non-symmetrical system is necessary, to which O may belong as one of its points. 
This is the reason why in Fig. 28, and also in Fig. 25, round the point O has 
been drawn a (dotted) contour, representing such a reference system. In the 
course of our reasoning we shall often refer to the ‘for O,' but always in the 
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We shall also choose once and for ever some point O' fixed im 
the rigid system itself, as the initial point of a system of reference in- 
variably attached to the rigid system, and we shall denote the vector 
O'+m by τ΄, The vector r’ will thus determine the position of the 
particle w as seen by an observer attached to the rigid system, while 
r will do the same office for an observer attached to O. In other 
words, the vector r’ will distinguish the individual material particle 
m of the rigid system from all other particles of this system. 

Thus, the rigidity of the system to be considered in this chapter 
will be completely expressed by saying that τ΄ does not vary with 
the time, or by writing .. a 

= Wi Ξε 

For a rigid system which is perfectly free to move about in space 
(having 6 degrees of freedom) all the three principles treated in 
Chap. III. hold: 1° the principle of vis-viva, because the connec- 
tions do not contain the time ἢ explicitly ; 2° the principle of centre 
of mass, because the whole system can be moved (displaced) in any 
direction; 3° the principle of areas, because the rigid system can 
be turned as a whole about any avis. 


Differential Equations of purely Rotational Motion. 


As the treatment of translatory motion of the whole system does 
net offer ary difficulties, we shall consider here only the case of 
purely rotational motion of the rigid system adout a ‘fixed’ point, 
i.e. about a point which does not move relatively to the point ὦ. 
The rigid system will then have only //vee degrees of freedom. 
The principles of vis-viva and of areas hold, but the principle of 
centre of mass will lose its applicability, simce one of the points 
of the ngid system 15 fixed. 

Let O' be this fixed point of the system. We can in this case, 
if we wish, let O coincide with O’, but then we must not forget that 
the dotted contour surrounding the point O (Fig. 28, as explained 
above) will not keep company with the rigid system in its rotational 
motion. In other words, notwithstanding that the points Ὁ, Θ᾽ 
are made to coincide with one another, the vectors r, σ΄, though 
overlapping in space, will behave different/y in time. 

We shall still have oh 

3 
while r=V+o, in general ; 
but r* or 7, and hence also 7, will be constant in time for every 


—— eee EE ee  ὐὐδδδδδδδε 
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point of the rigid system, 7 being simply its sca/ar distance from Ο, 
or, what is the same, from O. 
Just as with r, τ΄, we shall also denote any vector, say W, mM a 
twofold way, viz. 
by w, if it is treated in regard to the fixed sy stem of reference (0), 
and by w’, if it is taken in regard to the moving system (0), te. in 
regard to the rotating rigid system. 

It will be convenient to refer to these two ways of treating a 
vector by saying shortly: ‘relatively to Q,’ in the first, and ‘ rela- 
tively to O’,’ in the second case. 

Let now p be the fustantancous angular velocity of the rigid 
system, in absolute value and direction (¢.¢. so that is the absolute 
value of the angular velocity, and the direction of the vector p is in 
the fositive sense of the axis of rotation*). Then, considering any 
vector w, and its a/fer ego w',and observing that w—w’' is simply the 
resultant velocity with which the end-point of the vector W moves 
on account of the rotation of the rigid system alone, we have the 


important relation w-—w'=Vpw (22) 
or dw dt = dw’ /dt+Vpw.t 
The formula for the velocity v of a point of the rigid system, 
v=r=Vpr, es 


is only a particular case of the more general formula (22); f 
we have only to write in (22) r instead of w and remember ἊΝ 
r'=o, to get immediately (23). 

After these, slightly lengthy but necessary, preliminaries we pass 
to the dynamics of a rigid system. 

We can apply to it at once the Principle of areas, as expressed 
by the formula (20), Chap. ITI. 

Denoting the moment of momentum of the system about O 

by q, #¢. writing q= Surv, (24) 
and calling, as before, the moment of the impressed forces L, 
we have instead of (20) > ar ἐδ 

* Viz. in that direction in which a person, looking along the axis, would find 
the rotation about it to be right-handed or clockwise. 

+ This is the vector form of what in Routh’s Advanced Xigid Dynamics is called 
« ‘Fundamental Theorem,’ the proof of which covers there one page and a half. 
This, by the way only, to show the convenience of vector language, as compared 
with sealar or Cartesian, 


ΟΣ -«΄-΄ At . a .ὅὕὦ 
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This is the differential equation for q relative to O, i.e. relative 
to the ‘fixed’ system of reference. Applying the general formula 
(22), we get from it immediately the differential equation for α΄, 
relative to the rotating rigid system itself: 


a [ἢ 
ot ΩΡῸΙ͂, (26) 


The moment of the impressed forces L is given, and between 
the moment of momentum q and the angular velocity p there exists 
at every instant a certain relation based only on the properties of 
the rigid system, which also can be considered as given ; this relation 
will be developed in the next section. 

Taking into account this relation between q and P, peculiar to 
the given system, we have ultimately in (26) one vector differential 
equation of the first order for one vector, namely for q if p be elimi- 
nated, and vice versa. If then p, say =p,, be given for any par- 
ticular instant, /=7,, then the whole motion of the system will also 
be determined. 


Kinetic Energy. Principal Axes, Euler's Equations of Motion. 


By 
Υ (23), of mvVpr=pVre; 
— the Atnetic enerzy T= Smo" of the rotating rigid system will 
Seika T= ip=mVrv, 
or, by (24 τ 
T= ἐνα, (27) 
tc. equal to half the scalar product of the angular veloaty and the 
moment of momentum. 
Now for the mutual dependence of p and q, promised at the end 
of the preceding Section. This is also a very simple matter. 


By (23), Vrv= VrVpr 
: ᾿ =r"p—(pr)r, by (ix.); 
ence, by (24), a= p2mr2 — Sm(pr)r. (28) 


Here both the members on the right side contain p to the 


Jjirst power. 


Thus, the moment of momentum q is a Mnear vector function of 
the angular velocity p, and this, ie. (28), in fact, ἐν already the 
required relation. Denoting by A the operator implied in (28), 
which turns p to 4, we can write shortly 


q= Ap. (28a) 
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ΑΓ is called a linear vector operator. [It changes not only the 
tensor, but in general also the direction of the vector which is 
operated on. 

The linear vector operator has found its chief application in 
the researches of “electromagnetic phenomena in crystals; q is 
related to p just as the electric displacement is related to the 
electric force, or as the magnetic induction to the magnetic force.* 

In the case before us the reader has to look on the operator 
Α΄ as being, for the time, only a short symbol for certain operations 
which are fully determined by the preceding formula (28). Further 
on we shall see that, in fact, all the properties of the operator A 
can be deduced from this formula. 

Introducing (28a) in (27), the kinetic energy of the rigid system 
can be expressed by | 

7- $pAp, (27a) 


t.é. aS a (quadratic) function of the angular velocity alone. 

In the same way, q=Ap can be substituted in the equation of 
motion (26). From (28) we see at a glance that all properties 
of the operator A depend only on the mass of the rigid system 
and on its distribution about O'; whence it follows that A’ does 
not vary with time, so that it can be written before the differentiator 
dj/dt. We have, then, instead of (26): 


Fs =L-VpAp, (26a) 


and this form of the equation of motion is the vectorial incar- 
nation of the three celebrated (scalar) equations of Euler, as will 
be seen explicitly further on, by an appropriate decomposition of 
(26a). 

Meanwhile let us look for the properties of the operator A. 

In the first place, then, what are the principal axes of the 
operator A, or in mechanical terminology the principal axes of the 
rigid system, 1.6. what are the directions +x, for which the moment 
of momentum q coincides with the axis of instantaneous rotation, 

* For the theory and application of the linear vector operator see, for instance, 
Heaviside’s Lilectromaynetic Theory, Vol. I., Chap. ΠῚ. Linear vector functions 
were first introduced by Hamilton in his calculus of quaternions. 

It may be remarked here that the above operator A, which converts p into q. 
is ἃ symmetrical (or self-conjugate) operator, The more general, non-symmetrical 
linear vector operators, which have nothing to do with rigia@ dynamics, will 
appear in the next chapter as very useful for the treatment of problems connected 
with non-rigid bodies. 
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or with the direction of p? This fundamental question can be 
answered easily. 

We may consider x as a wait vector, so that p=/fx, @=gx, 
and the required principal axes will have the property 

| q= 2D = npx, (a) 

where # 15 a scalar. 

Introducing (A) in (28) and dividing both sides by 2, we get 

x=mr* — Xm(rx)r = nx 

or =m ΥΧῚΤ = x(=mr* —n). (5) 

If +x satisfies (8), --π will also, with the same value of ἡ. 
Hence a principal axis can be denoted shortly by writing simply x 
instead of +x. 

Suppose now that xX, and x, are two different principal axes, 


to which correspond the particular values #,, ΝΜ of the scalar a. 


Then, by ( B), Sy (rx,) rox, (2mr* = ity), (Β}) 


<m (1X4)T = Xj (=mr* — ng), (By) 
whence, multiplying, scalarly, (B,) by x, and-(n,) by x, and sub- 
Ὅν (ty ~ 2,)%j%_=0. 


Hence, if πη ἡ πω, then X,X,=0, fe. 


Two principal axes with different values of n are perpendicular 
to one another. 


Hence, if x, be a third principal axis to which belongs a value 
n=, different. from both m, and δὶς, this axis x, will again be 
perpendicular to the first tWo axes, so that x,, Χο, x, will constitute 
a wormai system of unit vectors. We shall choose the order of 
the indices 1, 2, 3 so that X,, X,, X, is a right-anded system, ἔνε. 

X,=VXX;, X= VEX, X= VEX, 
as for i, j, Κ. 

Generally, ,, %:, #, Will be different from one another. But 
if it happens that, say, 7»=,, then multiplying (B,) by any scalar 
α and (,.) by any other scalar ὁ and adding, 


Sm x (ax, + 0x,)}= (ax, + ὄχ.) (Σνινὸ -- κῃ), 
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so that the vector ax, + x, also satisfies (n). Hence: 
1° If x,, x, are two principal axes having ἐμαί values of ἡ, 
then any vector (ax,+4x,) taken at random én the plane X,, Xs 

i$ also a principal axis, with the same value of n. 

And from this proposition follows immediately : 

2° If three, non-coplanar, principal axes have eyua/ values of x 
then avy direction in space, drawn from O’, is also a principal 
axis with same value of #, Ze. the directions of q and p coincide 

for any direction of p. 

But if to three principal axes belong three different values of γι. 
it is obvious that πὸ ofier principal axes can exist, as a fourth 
principal axis would, by the above properties, be identical with 
either X,, X, OF Xz. | 

Hence, in the most general case, a rigid system has ¢hree 
principal axes (X,, %X, X_) mutually perpendicular, to which corre- 
spond different values #,, #,, 7, of the scalar #.* 

By this reasoning we see that the vector equation (8) admits in 
the ‘most general case on/y three different roots # corresponding to 
principal axes. Indeed, it is not difficult to deduce from (B) a 
cubic scalar equation for x. But we can find all roots from the 
equation (8) itself. 

Let us denote the components of r along X,, Ζὼν X, by 7, 7a: 780 
or write 1X,=7,, I%)=7o, ΥΧ, τεῳ; 


more generally, let 2,, ὅσῳ, ws, be the components of any vector W 
along X,, X,; X,. (It may be observed that “4s is not an artificial 
decomposition of vectors into scalars; for X,, X,, X, represent 
essentially peculiar directions, and hence properties belonging in- 
trinsically to the given rigid system, and are no more artificial 
than are, say, the optical axes of a crystal.) 

Now, substituting in (8), successively, X=x,, and so on, we get 

ΣΡ = x,(2mr* — νι 
a (c) 
t=1, 2, 3 

"If πῇ τε tg tg, we have the above case 1°, or axial symmetry as regards 
rotational inertia; in this case, the third axis only, ἐς δ. X3, corresponding to wy, 
is usually called fhe principal axis of the rigid system. 

If 4,= = My = Hg, We have the above case 2°, viz. complete isotropy as regards 
rotational inertia; in this case, a// directions having the same property, mone of 
them is called (in the accepted terminology) a principal axis. In this case the 
operalor K degenerates into an ordinary scalar factor. 
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then, multiplying respectively by x,, x, X; and remembering that 
x,°=X,?=x,?=1, Perit 72+ 7,2, 
1, = Σρε (75 — 7,7) = U(r? + 7,2), etc., 
or, finally, | 3 
a, ==mp,*, πὰς = Smp.2, tg = mp,” (0) 
Pi» Pos Py being the shortest distances of a particle m of th 
from the three principal axes. ὦ ἡ et 
At the same time it follows from (c), by remembering that x 
X), X; are mutually perpendicular, | x 
2mry, = Σηε = Imrr,=o. 
This is a well-known property of the principal axes, and determines 
their directions if the distribution of mass be given. | 
The scalar quantities 4), Mg, Nz (D) are called the principal momenta 
of inertia of the rigid system about the point ο΄. As they are, at 
the same time, the principal values of the linear vector operator A’ 
we may conveniently denote them by Αι, &y, Ky. Remember 
that these are ordinary scalars, The operator A” could be called 
the inertial operator of the given rigid system (the point O' being 
tacitly assumed). If the structure of X is known, all that regards 
the dynamics of rotation of the particular system is given. 
Returning to (A), we can write 


%=KP~, go=Kopy, 7g= Kg ps 
a=Ap=%,4) p, Ἐχ ας p, + Χ, Ας ὅς, (29) 
K, = mp3, ΑἸ, το Emp, Ky τὸ Σριρ. (30) 
Also p,*=(Vrx,)*, and so on. 
The above equation may also be inverted, thus 


or, vectorially, 


where 


p= Αια, 
the operator A’~' being the so called inverse of ΑἹ ie. also a linear 
vector operator having the same principal axes as XX and the 
principal values Ay x”, Ay, 
as is seen immediately from the developed right side of (29). 
Remembering that x,°=1, etc., XX,=0, etc., we can write, by 
(29), the kinetic energy expressed by (27a) in the form 


T= (Ap? + Kf? + Α΄. ) 6). (270) 
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Substituting (29) in (26a), splitting this vectorial equation into 
three scalar ones, along the principal axes, and remembering that 
VX,X,=X),, etc., we get 


K, ἃ = (K, 7 Ks) Pohs 
Ky 22 = (ας - pss (260) 


kD =(K, —Ky)py Po 


which is the usual form of /u/er’s equations of motion. The com- 
ponents f,, fo, Pg of the angular velocity being already taken along 
the (moving) principal axes of the rigid system itself, no dashes 
are necessary. 

The equation (26a), ie. 


a | 
K~ = + Vap, 


with q=Ap, is the complete vectorial equivalent of the three 
scalar equations of Euler. 
Multiplying this vector equation, scalarly, by p'=p and remem- 
bering that pVgqp=o, identically, we have 
,,» GD 
pA at =Lp ’ 
but by (27a), 


aT 417" Ι it ap dp r if dp’ x 


hence | 7 EP: (31) 


and Lp being the activity of the impressed forces, this is the 
expression of the principle of vis-viva. In fact, as we saw at the 
beginning, this principle is true for any rigid system. 


* Since oP Kp! =p si and, in general, for any pair of vectors A, B, 
AA B=BAA, 
provided that the linear vector operator A” be a sywrmetrical operator, as in our 
case it 7s, In fact, AA B=4,A)4,+ 4,A989+ 434g8g=A,AQA, 4+... = BAA. 
In the next chapter it will be seen that this property does μοῦ belong to non- 
symmetrical operators, 
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Motion under no Forces (Motion ἃ la Poinsot). 
If there are no impressed forces or, at least, if their resultant 
moment L vanishes (for the given fixed point 0’), it follows 
immediately from (25) that 


A =o, (32) 


i.¢. the moment of momentum q ἦας α constant value and constant 
direction ‘in space,’ i.e. relatively to the system of reference O (the 
system of ‘fixed’ stars or any other moving relatively to it with 
uniform translational velocity). The plane normal to this invariable 
direction is called the invariable plane of the rigid system. 

Euler’s equations of motion, or rather their vectorial equivalent 
(26a), reduce in this case to 


αν VD, (33) 
where q=Ap, as before. 
If the rigid system: rotates at a given instant about one of its 
principal axes, Ze. if q=”p, then Vap=o and, by (33), 


a” 
#.e. the system will continue to rotate for ever about this same 
principal axis with constant angular velocity. 

Besides the principal axes no other axis of rotation has this 
important property. In fact, Vqp vanishes only if q|| p (the trivial 
case of f=g=o0* not. being worthy of notice). On account of 
this important property, the principal axes are also called the 
free axes Or the permanent axes of rotation of the rigid system. 

The eq. (33), multiplied scalarly by p=p’, or also (31) for 
L=o, gives an 

a: 
ie. T= spXp=3(K,p2+Kyps'+Kyp3)=const: (9) 
Thus, the kinetic energy is now an ‘xvariant of the rigid system, 
which could have been foreseen. 

Again, (33) multiplied scalarly by q=q' gives q‘dq'/df=o 
* 4΄ = (Ap)* = ΑἸ," + Ay," + ΑΙ = const., (35) 
but this is not an independent invariant, since we had already, 
by (32), @=const., whence also g*=const. or g=const. 


*i.¢. of a non-rofating rigid system. 
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We must remember that q is constant, but not α΄, which generally 


varies with the time, ἐπι the moment of momentum is fixed ‘in 
space,’ but variable relatively to the rigid system itself. 


Thus, we have ultimately, in the case of L=o: 
τ as the expression of conservation of areas, one wector 
invariant q equivalent to ¢hree scalar invariants ; sab 
2° as the expression of conservation of vis-viva, or kinetic 
energy, one scalar invariant T=\pq= }pAP; 
therefore, in all, fows scalar invariants. 
Now, the system, having three degrees of freedom, admits in all 
2.3—-1=5 scalar invariants 
(essential, ze. mutually independent). Out of the five we have, 
then, in the case of no impressed moment, four invanants. But, 
in this case, the knowledge of the above four invariants is already 
sufficient to reduce the problem of integration to simple quadratures. 
(See the end of this section.) | | 
The property 1°, expressing the conservation of areas Of, better, 
the conservation of moment of momentum, determines ‘He invariable 
plane. Now, by 2° or by pa=coas?., the projection of the vector 
Ῥ on q is constant; hence: 
The end-point of the vector p moves in the invariable plane 
(Fig. 29). 


FG. 29. 


Again, writing 2° in the form (34), we see that the ‘locus 
geometricus’ of this end-point of p ts 
the ellipsoid T=i4pAp=const. ; 
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this is called the ellipsoid of inertia * or ‘momental ellipsoid.’ It 
is nigidly attached to the system; its axes fall in the principal 
axes of the system, their lengths being inversely proportional to 
the square roots of the corresponding principal moments of inertia : 
by (34), the semiaxes of this surface are, respectively, 


22, ΡΤ [Εἴ 
x,’ Ky’ Ky 


‘Thus, the shape of this ellipsoid depends on the properties of 
_ the rigid system itself, and its size on the given constant value 
of kinetic energy. To imply both, this surface may be called she 
ellipsoid T= const. or, simply, the elipsoid T. ‘This ellipsoid, then, 
is, for Z=o, the locus of the end-point of the vector p. 


Fic. 3a 


On the other hand, denoting by 7), the kinetic energy regarded 
as a homogeneous quadratic function of the component angular 
velocities Τὴ. fs, ~,, we have 


a pe of. oT. 
27 =p,—— +p, —" +9, —?" 
ἊΨ oP Op, Ps Spo Ps Ops 
2f,=pV7Z,, 
* Properly speaking, this name belongs to the ellipsoid 
Ay pi + Ag pe + AGp2=1, 


‘that is, for 27=1. But, the choice of units being arbitrary, this is an 
indifferent matter, 
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where the operator V has here in the three-dimensional manifold 
P\s far fg the same meaning as the common V in ordinary space. 
But 27),=27=pa, for a// values of p and of the corresponding q; 


οἷ q=V7,, (36) 
whence it is seen at once that ‘he vector q is normal to the plane 
which touches the ellipsoid T in the end-point of the vector » (see 
Fig. 30). 

From the same formula (36) it follows also that 


Τ' 
9φ-5: (37) 


where D is the length of the perpendicular from the centre of τ 
ellipsoid to the above tangent plane.* This is the usual geometrical 
representation of the relation of any two vectors, one of which is a 
linear (symmetrical) function of the other, like p and q=A’p. 

Thus, the ellipsoid Z, which is invariably attached to the rigid 
system, always touches the invariable plane; but the point of 
tangency is the extremity of the axis of instantaneous rotation, and 
has therefore no velocity relatively to this plane, f.c. does not glide 
on it. 


Hence, in the case of no impressed moment (Z =o), the motion 
of the rigid system is such that the ellipsoid T=const., with tts 
centre fixed, rolls on the invariable plane. 


The discovery of this beautiful property is due to Poinsot. 
Whence also the motion of a rigid system. about a fixed point under 
no impressed forces is usually called /oinset’s motion or motion 
a& la Poinsot. 

The most general motion of this kind can be represented analyti- 
cally, as depending on the time and on the initial conditions,. by 
elliptic functions. 

To obtain @/d? as a function of 2 itself and of the given values of 
the invariants Z' and g,—which is the starting point for the analytical 
solution of the problem alluded to, namely for the expression of Ζ 


*In fact, by purely geometrical reasons, 
er oe ay 
D=pV Ip! ας , where τ γι as in (x. ) ᾶ᾿ 
but, by (36), ie 
q=V/7), or games Δ g@D=pV7,=27 or g=27]D. 
V.M. F 
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as a function of 2 and then, by inversion, of # as an (elliptic) 
function of the time 4—go back to the equation of motion (33), 


. Ἢ 
A=, ον, say =W 


or ἐν = Aly, 
where X~! or 1/A is the inverse of A, as explained above. Multiply, 
scalariy, both sides of the last equation by p’ =p, and remember that 


p’ dp'/di= $d(f'*)/dt= 4d(f")/di=p 4 : 
Then ph = pA-'w= (A~Ip)w= (Ap) Vap, 


since ΑΓΔ, exactly as A itself, is a symmetrical operator.* But 
(A~'p) Vap=pV(A“'p)a; by (vii.), and τὸ ἀφ; hence : 
ee 2. ae 
pV (A~'p) (Ap) 
or, if the time ὁ be counted from the instant for which f=7,, — 


Γ pap 
‘ -ἰ vue . ") 
which is the required expression. 

The denominator, if appropriately developed (see ‘ Appendix’), 
proves to be the syware root of a cubic function of p* alone, so that 7 
is expressed by an elliptic integral; whence, by inversion, the scalar 
angular velocity # reduces to elliptic functions of the time ἢ. 

It may be observed here that the integration according to (a) (ot 
᾿ father to its developed form, given in the ‘ Appendix’) has been 
effected in finite terms in two cases, namely when A,=;, 
4) >), te. for an uniaxial rigid system, and when 2 773 τ X, for 
the case of three principal axes, A, being neither the greatest nor 
the least of the three principal moments of inertia. 


Rotation of a Rigid System under the Action of Gravity. 


Let, again, any point O' of the rigid system be fixed (but not its 
centre of gravity, since in this case we should have Z =o, and hence 
again Poinsot’s motion, already considered in the last section). 


* Observe that the transposition of A” is allowed only for the scalar product, é.¢. 
AAB or A(A'B)=(A‘A)B, but wot for the vector ; in fact, VAA'B or 
VA(AB) is a quite different thing from V(A"A)B. Consequently V(A™'p)(A’p) ὁ 
not at all egual te Vpp, which would be nil. 
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The reference point O may again coincide with O'. We shall 
adhere also to all the previous notation. 

The moment L of the impressed forces F has been in general 

L=SVrF. 
If then the only force acting on every particle of the rigid system 
(or element of a continuous rigid body) is its own weight 
P = mga, 

we have L = =myVra. 
Here ἃ is a unit vector, directed vertically downwards, and hence 
fixed relatively to the system of reference O, and g the acceleration 
of terrestrial gravity. For simplicity we shall not take mto account 
the earth’s rotation, so that the system of reference attached to the 
earth will be equivalent to the ‘fixed’ system of reference. More- 
over, we shall, of course, suppose that the dimensions of our rigid 
system are negligible in comparison with those of the earth, so that 
the scalar g will have the same numerical value and the unit vector a 
the same direction for all parts of the rigid system. 

Under these conditions, 

L=sV (=mr)a, 
or, if ΓΞ =m be the whole mass of the system and 8 the vector 
which determines the instantaneous position of the centre of gravity 
C relatively to O [as in formula (17)]: 
L=¢M VB8a, 

or, finally writing 8= Ss, ze. denoting by S the (scalar) distance of 


whee πα πα δ πὰ αἰνὰ τὸ Ἢ 


Fic. 31. 
the centre of gravity C from the fixed point O and by s a unt 
vector pointing from O towards C (Fig. 31): 
L = ¢Vsa, (38) 
where c= ἔν 5 (39) 
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is a scalar constant. We must remember that a is fixed in space 
(i.e. relatively to the earth), while s is rigidly attached to the rigid 
system and rotates together with it. 

Substituting (38) in the general equations of motion, (2 5) and 
(26), we have for our heavy rigid system 


AA. Vea (40) | 
nat a _Vap+cVsa, (40’) 


at 
where, as before, q= Ap, XK being the inertial operator of the 
system, about Ὁ, as explained above. 
Multiply (40), scalarly, by a; then, remembering that aVsa=o 
and that ἐδ αὐ τε ο, we get 


4 (qa) =0. (41) 


Precisely the same thing would follow from (407, by taking into 
account the general relation (22). Eq. (41) expresses the con- 
servation of areas in the horizontal plane, or the conservation of 
the vertical component of the moment of momentum. For planes 
other than horizontal, the principle of conservation of areas obviously 
does not hold in the present case. 

As the force of gravity has a (scalar) potential, the principle of 
conservation of vis-viva must hold. And, indeed, multiplying (40’) 
by p=p’ or using the equation (31) obtained previously, we have 

aT 
dt 
but s is fixed in the rigid system, or 


=cpVsa=caVps ; 


> ah 
ds dT ds 
hence, by (22): Vps= wm a a? 


and, as a is fixed relatively to the earth, Ze. da/d#=o, and as ¢ is 
a scalar constant, we get ultimately 


= (7 -- 88) -- ο. (42) 


Writing ἐπε MgS, by (39), and remembering that 88 τε (05 (8, 5), 
it is not difficult to recognise in the product —cas the usual 
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expression for'potential energy, ἐξ. the weight of the system x height 
of its centre of gravity. Thus, (42) expresses the constancy of the 
sum of kinetic and potential energy, or the constancy of the total 
energy of the whole system (consisting of the rotating rigid system 
and the attracting earth). 

By (41) and (42) we have, then, wo scalar invariants: 


qa=47,, (I,) 

T-cas=£, (12) 

9. being the vertical component of the moment of momentum and 

£ the total energy. Both of these functions of the state of the 
system conserve constant values during its motion. 

Other invariants, or integrals, for a rotating heavy rigid system, 
in the general case, ie. for any principal moments Aj, Xj, A, no 
one has yet succeeded in finding. Observe that in the absence 
of impressed forces the who/e vector q has been constant, while, 
in the present case, only its vertical component is constant. Instead 
of three we have now only one scalar invariant, that is, together 
with the energy, two scalar invariants, whereas before we had four. 
Two, due to the force of gravity, are gone, or at least have hidden 
themselves so deeply that mathematicians cannot find them. In 
fact, the general problem of a rotating heavy rigid system is still 
awaiting its solution, #e. a reduction to quadratures. 

A third invariant necessary, in addition to (I,) and (19), for the 
solution of the problem, has been discovered only in a few sfecta/ 
cases, viz. under special suppositions as to the moments of inertia 
and to the position of the centre of gravity of the system. 

The most remarkable is the special case associated with the 
names of Lagrange and Poisson, viz. in which ‘he centre of gravity 
C lies on one of the principal axes (passing through Q), say 8=x,, 
while the moments of inertia corresponding to the other two axes 
are egual, 1.6. τε ας. The ellipsoid of inertia becomes in this 
case an ellipsoid of rotation, x, deing its axis of symmetry. 

A third integral has also been found, in some other special 
cases, by Hess, Mrs. Kowalewski and Tschapligin.* 

Here we shall limit ourselves to the consideration of the case of 
Lagrange and Poisson, which may be defined, shortly, thus: 

8=xX,, Αἰ, - Α΄. (43) 


*See Routh’s Advanced Rigid Dynamics, or P. Appell’s 7 γα δ de mécanique 
rationelle, Vol. 11, Paris, 1904. 
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Multiply (40'), scalarly, by s=s' and remember that sVsa=o, 
identically ; then s'dq'/dt = sVqp ; 
but ds'/dt=o; hence 

ἄνα 6 , 
= (q's')= Fi (qs) =sVap. (44) 

In this equation, which is geverad/y true, we could write qs instead 
of α΄8' after the symbol d/d¢, since the scalar product of two vectors 
is certainly independent, also as regards its rate of variation, of any 
system of reference. 

Now, in the special case considered, the product sVap on the 
right side of (44) vanishes. ΤῸ see this, remember that, by (43), 
the ellipsoid of inertia is an ellipsoid of rotation, so that the vectors 
Ῥ, ἃ are in the plane passing through the axis of symmetry x, ; hence 


sVap= x, Vap =o, 
since X,, P, @ are coplanar. 
a ad, _ ayy 
Thus, by (44), 7 απ =? 


or g,= Af, =const., whence also ῥ᾽ = const. 
The third invariant, m the case of Lagrange and Poisson, is thus 


BX, =/), ἘΠ 
δε. the angular velocity of the system about Τίς axis of symmetry. In 
other words, the component of the angular velocity taken along the 
axis of symmetry retains its initial value. 

Combining (14) with the two other, general, invariants (I,), (I,), 
the complete solution may be reached at once, that is to say, the 
angle 6=<a, s (Fig. 31) or more conveniently cos @=as and, say, 
the two remaining ‘angles of Euler’ ¢, ~ may be expressed for 
every value of ? by elliptic functions; whence, by ordinary differentia- 
tion, ., #,, and thereby also the resultant angular velocity 2, will 
follow.* Instead of Euler’s other parameters may also be easily 
introduced. ‘This is left to the reader, for his own exercise, since 
we only wished to deduce here the third invariant, corresponding 
to the Lagrange-Poisson case, in the shortest vector way. 

The differential equation of motion of a (compound or) physical 
pendulum in its most usual form, #¢. of a heavy rigid body which can 


*See, for instance, Appell, /oc. cit. p. 189, ete. For the definition of the 
usual angles ‘@, @, y* see the same work or Routh’s Aigid Dynaneics. 
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turn only about a fixed horizontal axis, having thus ome degree of 
freedom only, may be obtained immediately from the invariant 
T - cas=£ =const. 

This simple system, the state of which is determined completely 
by ‘wo scalars, namely by the angle θ- 48, 8 and by the angular 
velocity 6, has but 2—1=one essential invariant, and this is the 
energy £,—or any function of Z alone, which is exactly the same 
thing. 

‘Dessting the pendulum’s moment of inertia about the fixed — 
horizontal axis by 2 and remembering that as=cos 6, we have 

E =\B6? -¢.cos θ =const., 
whence, by differentiation, _ 
Bb = -c.sin 8, (45) 

a well-known result. The coefficient ¢ is, by (39), equal to HgS 
or to the so-called directive moment of the pendulum. 


To determine the instantaneous position of the rotating rigid 
system relative to a ‘fixed’ system of reference, the well-known 
angles of Euler 9, ¥, Φ are usually employed. The component 
angular velocities 2,» f2, 25 ate then expressed by linear functions 
of the fuxes 6, ¥, ᾧ with coefficients depending on simple trigo- 
nometrical functions of the angles 6, ¥, ¢ themselves (cf. one of 
the works cited above). ‘These relations are known under the name 
of Euler’s kinematical equations. 

Euler’s angles are very convenient parameters, especially as their 
number is ‘Aree, ic. equal to the number of degrees of freedom of 
a rotating rigid system. Nevertheless their choice is based on 
distinguishing one of the three axes from the other two; in other 
words, the angles @, Ψ, Φ are not coordinated with one another (but 
two are svdordinated), as regards their geometrical meaning ; whereby 
the symmetry of the formulae is impaired. | ἣν 

In the vector treatment of this subject the kinematical relations 
are, in fact, contained already in the equation (22), when applied to 
any vector w which is invariably attached to the given rigid systent™ 
(i.e when d@w'/d/=o), that is to say, in the equation 

;, ΟὟ δὰ 
bahar” "¢ =Vpw.. 
+ With a given fixed point O’ of the system, always tacitly assumed. 
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Now, such vectors are for instance the three unit vectors X,, X3, Xs 
representing the rigid system’s principal axes, these certainly being 
attached to the system. Hence, we can put, in the last equation, 
W=X,, or X,, or X,, and thus we shall obtain the three vectorial 
ἀιδδιεηθαι equations x, = Vpx, 

x,=Vpx, | (46) 

X= VX, 
which can be regarded as the expression of the kinematical relations. 
In this system of equations, the 7é/ of all the three principal axes 
is the sane. It is true that we have here three unit vectors x,, 
etc., amounting to sfx scalars, whereas the rotating rigid system has 
only ‘Aree degrees of freedom; in other words, X,, Σὸν X, are not 
mutually independent variables, as @, ¥, ᾧ are, but, on the other 
hand, by using them and the form (46), none of the moving axes 
is specially distinguished, so that the formulae show a perfect 
symmetry. 

Remember that x,, etc., are not only waif vectors, but also 
mutually perpendicular; we have not only 


but also X.X,=X,X, =X,X, =o, 

that is, we have in reality only //vve independent scalar parameters, 
ie, as many as are the degrees of freedom of the system in question. 
We may, however, retain X,, X,, X, in the kinematical relations, Aeeping 
in mind the last scalar conditions, but not using them explicitly 
for the process of elimination. This method of treatment will 
secure symmetry, and thus, for gevera/ considerations, will. be more 
convenient than scalar parameters of which the number is explicitly 
reduced to three. 

In the kinematical relations (46) the fluxes x,, etc., are expressed 
by the angular velocity p of the system and by the x,, etc., them- 
selves. Conversely, we may also express at once the components 
of p along the moving principal axes by x,, etc., and by x,, etc. In 
fact, multiplying the last of equations (46), scalarly, by x,, we get 

Kok, = ΧΟ ΤΣ, = PVX,X ; 
but VX,x)= Pees px, =); ; 
. —X,X,=/;. 
Now, differentiating x,x, =o, we have x,x, = — X,xX,, whence 2, = XX. 
Two other similar equations may be obtained Saree by cyclic 
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permutation of the indices 1, 2, 3. Thus, the required relations 
will assume the form p, = X2%5 


P,= 3X, 7p (47) 
ps =%,X, 
in which none of the axes is distinguished. 

I do not say that our x,, X,, X, will also for sfecia/ purposes of 
calculation be equally convenient with the parameters 4 ¥, > 
They are, however, most convenient for the general treatment of 
the subject as here considered. 


The Line-Integral and the Curl of a Vector illustrated by 

the Example of a Moving Rigid Body. 

Let us imagine any drcuif or closed curve s drawn in a moving 
rigid body; let ds be one of its elements, as regards length and 
direction. Denote again by v the resultant velocity of any point 
of the body, relatively to O, and consider the line-integral of v 
taken round the whole circuit s, 


=| vas. 


If the rigid body rotates about its fixed point Θ΄ - Ὁ, we have 
v=Vpr, p being the instantaneous angular velocity of the body ; 
but in the more general case the body, as a whole, may have also 
a velocity of frams/ation, say v,; then 

v=v, + Vpr, 
where the vector v,, as also p, has equal absolute values and 
directions for all the points of the rigid body, #e. is independent 
of r, at any instant whatever. In other words, p and v, belong to 
; the whole of the rigid body, whereas the r’s distinguish the in- 
dividual points of the body. 
. Now, vd3=v, ds +ds.Vpr=v, ds + pVr ds ; 


but |v de=v, | ds =o, the elementary vectors ds constituting a 


closed chain. Moreover, p being the same for all points, it may 
be written before the symbol of integration ; thus 


J=pW, where  Ξ Vras 
or l=pW¥,, 


taneous axis of rotation. 


ΠΡ, being the component of the vector W taken along the instan- 
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Now, the tensor or the absolute value of aVrds 1 is the area of 
the triangle O, r, ds (Fig. 32); hence — 
1V, 


is the area σ᾿, of the plane figure bounded by the projection of the 


Fic. 35. 


circuit s on the plane 44 normal to p. Thus, 7=2f0,, or 


7 fra 
es 27). 
If the circuit s be a plane curve, drawn in a plane normal to p, 
we should have simply ee. 
— = 2p, 


where o is the area of the plane figure bounded by s itself. The 
circuit s may also be contracted indefinitely, without any change in 
the above relation. 
Hence, remembering the definition of the operator cur/, it 15 
seen from the preceding that, in the case considered, 
curl ¥ = 2p, 
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fe. the cur/ of the resultant velocity of the points of the rigid body 
is equal to twice the angular velocity of the body, both in absolute 
value and direction. 
. In the next chapter we shall see that, when v is the velocity in a 
deformable body (or medium). curlv is the double vortex velocity 
of a particle, Whence the name of rofation used commonly as a 
synonym of cur/. Both ‘curl’ or ‘guirl’ and ‘rotation’ were pro- 
posed first by Maxwell (Ziectricity and Magnetism, Vol. 1., and 
Scientific Papers); H. A. Lorentz and nearly all continental authors 
write rot (=rotation); Heaviside and most English vector-writers 
use the symbol cur/, which also will be used in this book. 

The operator cuz? is (by Chapter I.) identical with the Hamiltonian 
operator V applied vecforiadly, 1.6. 

curl w= VVw 

for any vector w; hence, if, for example, the ordinary components 
tty, fy, τῦρ are used, taken along the unit vectors i, ἢ, ΚΕ constituting 
a normal right-handed system, 


curl w=i(F3- aes) (65 - +(e 


oy 3 


| x, ¥, = being the usual Cartesian coordinates along i, j, k,—or, 


in determinant form, 
ijk 
10, Wgit'y 


᾿ (x1.) 


curlw = VVw= 


where V,, etc., are the ‘components’ of V, {6. Vi=5p ete. 


Writing w=v,+Vpr=v and using (x1.), the reader will easily 
verify the above relation curlv=2p, if he remembers that vy, PD 
are constants. 


CHAPTER YV. 
GENERAL MECHANICS OF DEFORMABLE BODIES. 


General Remarks. 


A Most important part in the treatment of problems to be now 
considered is played by the linear vector operator of which we 
learned a little in the last chapter, when considering the dynamical 
properties of a rigid system. But there we used only the symmetrical 
operator, of which the principal axes were mutually perpendicular, 
whereas for non-rigid bodies this operator does not suffice ; here, 


in the most essential problems, we shall meet with the general , 


linear vector operator, ἐδ. generally non-symmetrical operator. And, 
to avoid mathematical digressions in the course of development 
of the mechanics of the subject, we shall in the first place put 
together, in the next section, the most fundamental properties of 
this operator, the discovery of which, after Hamilton, is principally, 
due to J. Willard Gibbs.* A sufficiently complete exposition οἵ 
its properties has been given by Heaviside in his excellent book 
on Electromagnetism.t 

Devoting to this purely mathematical subject a whole (but not 
very extensive) section, we shall simplify and shorten considerably 
the treatment of what has to come later, especially of the defor- 
mations or strains of a body. 


Fundamental Properties of the Linear Vector Operator. 
A vector B is said to be a linear vector function of another vector A 
when its components 4,, &,, 3; along any (arbitrary) three non- 
1. W. Gibbs, Vector Analysis (‘not published’), Newhaven, 1881-4; Wilson, 


Vector Analysis, etc., founded upon the lectures of J. ἨΔ Gibbs, New York and 
London, 1902. 


tT Heaviside, /oc. eft, ΒΒ 168-173. 
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coplanar axes are linear functions of the components Ay, Ay, 44. 
of the vector A. If this relation be satisfied for some given system 
of such axes, it is easily proved to hold also for any other 
system of axes.” 
we such a system of reference, the right-handed system of unit 
vectors i, j, k may, for instance, be taken, so that i? = 1, etc., 
ij=o, etc., Vij=k, etc. 

The symbol of the operations to be performed on A in order 
to get B is called the linear vector operator. We shali denote it, 
generally, by ὦ, thus writing 

B=wA. (XI1.) 

This will, by definition, be equivalent to the following three 

scalar equations with nine scalar coefficients ,,, 9, etc: 
By = yA, + Mp4q t+ p43 | 
By = Wy, Ay + ggg + Ops : (Χι..α) 
Bg = tg Ay + Wgg4q + ὡρ, 

Thus, the general linear vector operator is characterised by nine 

mutually independent scalar data; such data, as the above 1 

Wyo, +++ Mg, May be replaced by other scalars, but their number 

will not thereby be changed. Instead of nine scalar data three 

vectors may be substituted; 3x3=9- 

The formula (xu.) is a short expression for the three scalar 
equations (xi1.a). Omitting the vector A, to be operated on, we 
may conveniently write for the operator : ' 


(xu.d) 


In order to get from this the vector B=A, we have only to 
write 4, as a factor in the whole first column, 4, in the second, . 
A, in the third column; then, the first horizontal line (its terms 


*The above definition of a linear vector function may also be deduced from 
another, in some regards more convenient and less artificial definition, viz. 
stated by Gibbs-Wilson (or, cif. p. 262) : 
ὡ ‘A chili vector function of a vector is said to be a /imear vector function 
when the function of the sum of any two vectors is the sum of the functions 
of those vectors. That is, the function /is linear if 

SAB, + ¥y)=/(Ey) +S)’ 
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being joined by the signs +) gives B,, the second B,, the third 

B,. Now, it 1s not necessary to write the ‘4’ nine times: it is 

sufficient to imagine it done. With this understanding the scheme 

or symbol (xi1.¢) will be very useful. | 
Generally, m5 # ρον, etc. But if it happens that 


. Mog Msgr Mg = Mg, Me Wy), 
then w is called a symmetrical linear operator, and the vector B=ewA 
is ag & symmetrical linear function of A. 
* The symmetrical operator will henceforth be deno 
omega (2). Thus, the operator 2 will be items δὰ ορον 
by 9- 3=six mutually independent scalars, say by the six co- 
efficients 2,,, ὩὭς,, Bag, Dog, Qy,, Qi. It may be written 


2, Qe Qs 
9- 2, 2, 
| ,, 


The rips joining ¥“s and gg 18. an axis of symmetry of the whole 
nie : 6; remembering this, it is unnecessary to fill out the 
By permutation of the indices in the general operator ὦ, Ze. by 
WTILING ὡςρ Instead Of ws, etc., another linear operator w’ is obtained, 
which is said to be conjugate to w This relation is, of course, 
Ss ic, ὦ 15. also conjugate to w’. 
ow, by the definition of the symmetrical or, ὥς, τ 
etc.; thus, Ὡ is a self-conjngate ‘ects ; sla ha Pg 
Let ¢ and ¥ denote any two linear vector operators ; suppose that 
B=¢A+WA; 
then we may write also B=wA, 
εἰ being the linear operator, the coefficients of which are equal to 
the sums of the corresponding coefficients of φ, ¥, i. 
=P typ» Mo=HyetYyg, etc. 
This may be expressed by writing 
w=pty, 
and by calling ὦ the swm of the operators ¢, ¥. It follows at 


once that 
Yth=d+ yp. 
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The same holds for subtraction. Whence follow also the rules for 
the “multiplication or the division of a linear vector operator by a 
scalar number. If ” be an arbitrary scalar, then πίω is simply a 
linear operator which has the coefficients 70,,, 7g, Ct} hence 
we may write also wv instead of πω, 

These simple properties are sufficient to prove one of the most 
fundamental theorems, viz. that the geverad linear vector function oA 
may always be split up into a symmetrical \inear function of A and 
a vector product of A by another vector ¢ which is characteristic 
for the operator ©, 1. 

wA =QA + VcA, 
or, omitting the vector A to be operated on, 
w= + Ve. 


At the same time, the symmetrical operator 2 and the vector ὃ 
may be expressed without any ambiguity by the properties of the 
operator ©, 

To see this, write for the given general operator ὦ, instead of (x11.4): 


a 2 2 | 


a τὲ) el i 


ieee Ones Ὁ | ip —y Sge—%y 0 
which is legitimate, according to the preceding remarks on addition. 
Now, the first operator on the right side is already a symmetrical 
operator 2, of which the coefficients are 

Mee = 4 (te + Me) = 9; t, K=1, 2 3. 
Remembering the definition of the conjugate operator w, we may 
write Q = 4 (w+ w). 
Hence, in order to prove the theorem enunciated, we have only to 
transform the second operator. Denote it for the moment by Ψ, 
‘Then, operating on the vector A=i4,+jA,+kAg, we have 
YA =i[o + (4g — g)) Ag — (My ~ Mp) A,| 
+5 (ωρ — 49) Ay τ- (ὡρς τ zs) As] 
+k [ (gy — ὦ.) Ay — (3 τ 5), ); 
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but the sum of all the terms on the right side is the vector product 


of the vector 


© =H (Wgp -- ὦ.) + 5 (ys ~ Og) +1 (wy, -- 9) 
by the vector A, ie. YA=VeA, 


or, omitting again the vector operated on, 
Y= Ve, 
which completely proves the theorem. 
Thus, we have, for any linear vector operator: 
w=2+4Ve, where | 
Q=}(w+w’), 7 (xu1.) 
C= 1 (go — ὦ) +5 (yg ~ gy) +E (wy, — ay). 

Whence it is seen also that the decomposition of the general 
operator into a symmetrical part and a non-symmetrical part (the 
last being the so-called antisymmetrical part) can be effected in but 
one way, both 2 and ec being completely determined by the 
properties of the given operator w. 

Conyersely, the symmetrical operator 2 together with the vector ¢ 
determine completely the general operator ὦ, Now, 2 implies six 
scalar data, ¢ /iree, making together nine, as we know it must be. 

Let us now apply the operator ὦ to a bundle of vectors A having 
the same origin and the same tensor 4, but having all possible 
different directions in space. Then the symmetrical part 2 of w 
will transform the sphere 4=cons/. into an edlipsoid of which the 
axes will coincide with the principal axes of 2, and the remaining 
part 4Ve, if ¢ be supposed tnjinitesima/, will turn this ellipsoid as a 
whole through the angle ἀς round the axis determined by the 
direction of c. 

The above theorem (xu1.), which, in fact, has been the chief 
object of the present mathematical digression, will be found to 
render very important service in considering strains and allied 
matter, 

A few remarks may further be added here which will be of some 
use in what will follow.- 

Following Gibbs’ example, we may determine the general linear 
operator ὦ by three mutually independent vectors, say 0, etc. 

0; = iw); + joj9+ Kos, 
0, = deg, + Jidgy + Ker4,, 


MECHANICS OF DEFORMABLE BODIES 97 
Then, by (xu.a), 2B,=0,A, £8,=0,A, 4,=0,A 
Ἢ B=wA=i.0,A+j.0,A+k.0,A ; 
hence, the operator will assume the form of the so-called dyadic : 

w=1.0,+j.0,+k.0,. (x1Vv.) 

The dots after i, etc., are separators,* reminding us that the vector 
A (to be operated on by ) has first of all to be multiplied scalarly 
by 0,, or O,, or O,, and that the scalars thus obtained are to be 
multiplied, respectively, by i, j, k, and added. . 

As to the symmetrical operator 2, we know already that it has, 
generally, three mutually perpendicular principal axes to which 
correspond the three principal values, say 2,, 2, Q, (ordinary 
scalars). ‘For this operator, it is most convenient to take the ortho- 
gonal system of reference i, ἡ, K along the principal axes themselves ; 
then 

2, =2,, Qy=9, etc., 


or in the tabular form: 


| 2,0 ὁ 
ἢπ ο 2,0 
jo o & 
or, finally, B=2A =i0,4,+j0,4,+k2,4,, (xv.) 


as we wrote previously, when we were considering the dynamics of a 
rigid system. (The ‘A’ has, of course, been a special case of 2.) 
We then saw also that, for any pair of vectors A, O, 

COA = ANC, (XVI1.) 


i.e. the scalar product of a vector by a symmetrical linear function 
of another vector is equal to the scalar product of the second by 
the same function of the first. 

Observe that this property does not belong to a #on-symmetrical 
operator ; in fact, as may easily be shown, we have in this 
case the more general relation 

CwA = Aw'C, (xvi'.) 
w' being the conjugate οἵω. The relation (xv1.) follows from (xvr’.) 
as its special case; since 2 is se/fconjugate, te. 2' =. 

*In Heaviside's denotation, whereas Gibbs uses the dots as symbols of scalar 


products (and little crosses as symbols vector products). ἡ 
V.M. 
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Strains. . 

Let the vector a define (relatively to the system of reference QO) 
the position of an individual point or ‘particle’ of a body or 
medium Jdefore the deformation, and the vector r the position of the 
same particle after the deformation, or, if we prefer it: the respective 
positions of the same material particle at the initial instant 4, and 
at any other instant ἃ 

The individual particle, the position of which before the deforma- 
tion is determined by a, we shall call the particle a, or the point a. 

Fig. 33 represents the position of such a point, 1 before, and r’ 
after the deformation. Similarly, 2, 3 are the positions of two 
other points before, and 2’, 3’ after the deformation. 


Fic. 3}. 


We shall assume that the vector f is a confrnuows function of the 
vector ἃ, admitting definite and continuous derivatives with respect 
to any component of a. In speaking of the continuity of a vector, 
we mean, of course, continuity as regards both tensor and direction. 

Discontinuities will be considered later on. 

Let i and 2 (Fig. 33) represent the positions of two points at an 
infinitesimal distance from one another, 

a=a, and &=4,, 
before the deformation of the body. ‘The infinitesimal vector 
]1-- 8. -- ἃ); 


drawn from 1 towards 2, will characterise some /inear element or 
one-dimensional assemblage of individual points of the body. 
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The positions 1’, 2’ of these points after the deformation will 
be denoted by 
r=r, and r=r, 
respectively, so that 
l=r,-r, 
is what 1 becomes after the deformation, namely the vector 1'2' 
(Fig. 33). 

The infinitesimal vectors 1 and I’ represent the length and the 
direction of one and the same linear element before and after the 
deformation, respectively. 

What, then, becomes of the element 1 after the deformation? In 
other words: What is the relation between I’ and 1? 

‘Let us denote by V the Hamiltonian in ‘the space a,’ 2.6. in that 
space in which the position of a point is given by a. 

Then the change of any magnitude ¢ (scalar or vector) due to 
passing from the point a to the point.a+1 will be expressed by 


ob 
a7 = QV) 4, 


infinitesimals of higher order than / being neglected.* The operator 
1V has (by Chapter 1.) @ scalar character, expressing simply the 
component of the gradient or slope in the direction of 1, multiplied 
by the length / of this line-element. 

This can be applied immediately to the vector r, ie. to g=r. 
Thus we get the required expression for r,—r, or I’, namely 

Y= (1V)r. (48) 

If r be given as a function of a, #e. if we know precisely the 
deformation to be dealt with, then the operation indicated on 
the right side of (48) may be performed, for any a and for any 1, 
te. for any line-element having its origin in any point of the body. 
Thus, (48) gives the length and the direction of any linear element 
after the deformation in terms of its length and direction before 
the deformation. 

The direction of the vector (IV)r is, of course, generally different 
from that of 1. The element 1 will, in other words, change not 
only in length 7 but also in direction. In addition, it will be also 
displaced as a whole, this purely translational displacement being 
namely 11° or r—a@ (Fig. 33). 


*If it should happen that (1V)¢=0, then, of course, infinitesimals of the 
second, and eventually of higher orders, have to be considered. 
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The general term ‘deformation’ implies all these changes.. The 
proper deformation of a linear element will be only its elongation 
(contraction = negative elongation); the deformation of an element 
of surface or of volume will imply change both of dimensions and 
shape of the elementary area or volume. But all the changes of 
two- or three-dimensional elements may be easily deduced from the 
changes of linear or one-dimensional elements. Therefore the 
formula (48), or its scalar equivalents, hag* a most fundamental 
importance in the whole theory of deformations or strains. 

Instead of the vector r, determining the position of the point a 
after deformation, the displacement of this point, ze. the vector 

D=r-a, (49) 
may easily (and conveniently) be substituted in the fundamental 
formula and in those which will follow from it. 

In fact, 1V being a distributive operator, we have 

l=(1IV)(D+a)=(1V)D+ (1V)a; 
now, the second term on the: right side is the change of a itself 
due to passing from the point a, to the point a, “«. simply 
(IV)a=a,—a,=1; hence 

1 -1. (1V)D. (48) 

But in what follows the preceding formula (48) will be used, 
as being somewhat simpler. In the results, when once obtained, 
it will always be very easy to pass from r to the displacement D 
by means of the simple relation (49). 

By (48) the vector I’ is already seen to be a linear function of 1; 
hence it may be written 

l= ol. 
But we have still to find the properties which in this case belong 
to the linear vector operator ὦ, 1.6. to split ὦ into its symmetrical 
and rion-symmetrical parts, to determine the precise form of each 
of these parts as dependent on the given deformation and, finally, 
to give their physical interpretation. 

By (X11) we may write at any rate: 

Y=I+}Vel; (50) 
thus, the problem is reduced to developing the expressions for the 
symmetrical operator 2 and for the vector c. 

Both must be deduced, of course, from the particular linear 
relation (48): 

l= (IV)r. (48 és) 
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In order to avail ourselves of the reasoning and the symbols of 

the last section, let us employ, for the moment, as a system of 

reference, the normal unit vectors i, j, k, ae. let us write 
r=ir,+jr,+kr,, 

and similarly 

l=i/, +j/,+k/;, 

I =i4'+j/, + k/,, 

VmiV, +jV.+kV;, 

ΤΊ» etc, being the ‘components’ of V, i.e. the derivators in the 

space @ or 


° va! 
Mi Ga “8 Gay Ὁ δὴ 
if a=ia, +ja,+ka,. 


hence, by (48), 
Y=ol = i(4V,+4,9,4+ QV)", 
+j( asabove )ry 
ἘΚ, as above )7;, 


so that the operator in question becomes: 


| Vir, Vern Vari 


Vira Votre Vere | 


Virs Vorq Vers 


Instead of this we may write also 
We = Veh tf, K=1, 2, 3. (51a) 
The coefficients of the conjugate operator ' are obtained from 
those of ὦ by inverting the order of the indices; thus 
we Vilas ὦ KORE ἃ, 3. 
Hence Ὡ--ἰξ(ω ων, by (xu), will be determined by the 
coefficients | 
Q2.=Viru 2.=2(V 7. + Vite) =Qes 
and the vector ¢=i(m,. — να) +... will be, by (51): 
e=i(Va% — Varz) εὐ σι — V 173) + (VY 72 ~ Vor); 
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but the sum of the terms on the right side is the cur/ of the 
vector r taken in the space a; thus 

¢= curl F, 
where (,) is an abbreviation for ‘relatively to the space a,’ that is 


oni(52- 2) +... ‘ 


Relatively to the space r we should have curl r=o, #.e. 

curl 9 Σ ΞΕ 
identically, since all r’s are radial vectors, drawn from the common 
origin O, so that r is irrotational; using the coordinates 7,, 7, 78 
we should have simply Or,/07,=0, etc., or curl,)T=o again. 
_ All this is to justify the index ων in the above expression of 6. 
It must be remembered that our V has also been an abbreviation 
for Viq), and the cuz? is nothing else than VV. Hence, both are to 
be taken in regard to the space a. But now, after these explana- 
tions, we shall omit the index i, and assume it tacitly without 
writing it, both for cu7/ and V. 

The ceri so understood, applied to a itself, gives, of course, 
curla=o identically; hence, if D=r~a is the displacement, as 
in (49), we shall have 

¢=curl r=curl D. (51) 

Having determined both the symmetrical operator 2 and the 

vector δ, we can now apply fully the theorem (xu11.). 


Thus, we have ultimately as the expression of the relation between 
the deformed line-element V and the original line-element |: 


Y =ol = 21+ Vel, (50) 
where the vector c ts given by 


c=curi D (51) 
and the symmetrical linear operator Q by its six coefficients 
ὥλ-τ-ν,»,;  Quec=F(Vire t+ Ver.) =2,,, (52) 


for 1, K=1, 2, 3. Lach differential operator is to be taken with 
respect to the space a. The vectors D and x are connected by the 
simple relation | 
Ὦ -ἶσς -- ἃ. (49 ts) 
The interpretation of this result for the case of an infinitesimal c 
Is seen at a glance. 
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‘The term }Vel expresses then a rotation of the line-element 1 by 
an angle 4¢ about the axis ¢; it is this rotation which is given, 
in amount and direction, according to (51), by the vector 

4 curl D, 
D being the displacement of a point. The angle and the direction 
of the axis of rotation will, of course, be generally different for 
different a’s, Ze. for different parts of the strained body. 

if curl D=o0, 
the strain is called irrotational. This does not mean that no line- 
element 1 experiences a change of direction, but only that no vo/ume- 
element, as a whole, does experience a rotation,—as will be better 
understood from the following explanation. 

The symmetrical part of the operator ὦ in eq. -(50), 1.6. the 
operator 2, produces by itself a change, not only in the length, but 
generally also in the direction of a line-element 1. Hence, if also 
curl D=o, then some particular \ine-elements only do not experience 
a change of direction. 2, being symmetrical, has in general ¢iree 
principal axes, mutually perpendicular, and three corresponding 
principal values 2,, Ὡς, 2,. Only those line-elements which before 
the deformation coincided with one of these axes will conserve their 
direction notwithstanding the deformation. If the values 2,, 2,, Ὡς 
are all different from one another, then only three such special 
directions will exist, but at any rate not /ess than three, mutually 
perpendicular, directions. Let us imagine a bundle of (9.32) line- 
elements diverging from a given point a in all directions, but having, 
before the deformation, one and the same length ὦ, so that the 
surface 7=const. will be the boundary of a volume-element of the 
body, initially spherical. Now, by the deformation, this sphere will 
become an e/lifsord, of which the principal axes will coincide with 
the principal axes of the operator 2. Hence, if curl D=o, the line- 
elements which coincide with the axes of this ellipsoid initially will 
remain coincident with them after the deformation. ‘Thus, we see 
that in this case the elementary sphere will be transformed into an 
ellipsoid, that generally the diameters of the sphere will experience 
a change of direction, with the exception however of three mutually 
perpendicular diameters, which will maintain their direction and, 
consequently, that ‘the sphere as a whole will not be turned.’ 

This is the reason why a strain satisfying the condition 

c= curl D=o > 
is called irrotational. 
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Returning now to the more general case, #.¢. for ¢#0, we may 
account fully for any strain by ‘saying that an elementary sphere of 
radius ὦ 


1° is transformed into an ellipsoid, of which the semiaxes are 
2/4 24 2, 

2° experiences the rotation scur!D,” 

3 experiences the translational displacement D. 


All that is here enumerated (2. the shape, the relative dimen- 
sions, and the orientation of the axes of the ellipsoid, the direction 
and amount of rotation and, finally, the displacement itself) 
will generally be different in different regions of the strained body, 
ἦε. for different a’s. 

Only in special cases will the directions of the principal axes 
and the corresponding principal values 2,, etc., be equal for the 
entire strained body, or indépendent of a. Then the strain is 
called homogeneous. But generally it will be Aeerogencous. 

Let us return for a moment to the formula (52) for 2, in order 
to substitute therein the displacement D=r—a instead of r. We 
have 7,=a,+D,, etc., whence 

τι = Va, $9, 2,=14+V,2,, 
with similar expressions for τῳ, V,7,; again, for differen? indices, 
δ ας Ξε Va, =0, etc.; hence 
2,=1+VD,, 
2,.= ἀπ}. ἘΝ, -- “ἢ κι (52α) 
t, K= 4H, 2, 3. 
These formulae express precisely the same thing as (52). 
Written at full length, they are: 


oD GD, , OD, 
0, =1+5—; “Hee Sa Ss 2) = ἂν: 
ἊΣ Ca, Oss Od, Oa, Ose 
a, oD a) | 
Mg a Ca 


ek aD, 52, aD, 
ἐς, inde. 7 2..= Ξ [Ὁ 22am, 
@,, @,, @, being the rectangular coordinates of a peint in ‘the space 
a,’ #.¢. of a particle of the unstrained body. 


ΠῚ be supposed, for the sake of this interpretation, that ¢, #.e. the tensor of 
curl D, is ‘afinitesimal. As to 2,, ἢ, Q,, they may have any μέλε values. 
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Let us now consider a Aomogeneous strain coinciding with the 
given heterogeneous strain in the elementary region round the point 
a or (as mathematicians say) a homogeneous strain ‘/fangen?t’ to 
the given strain in this point. Then the frincifal axes of the 
operator Q will have everywhere ‘ie same directions, so that along 
them may be taken the normal unit vectors i, j, Ἐ and they may 
be considered as axes of reference for the whole body. Then _ 

D.=314+V,.D,; πεῖ, 2,3; ἢ : 

Q~=0; t4#K=T, 2, 3. } (53) 
Moreover, the principal values 2, =2,,=1+V,D,, etc., will be con- 
stant, the strain being supposed homogeneous. 

In the case of a Aomogeneous strain, 0D,/Ga,=, -- 1 being con- 
stant throughout the body, we shall have (omitting an arbitrary 
additive function of a, a, alone), 


D, =(Q, - 1)a,, 


Dz = (Qs -- 1) ag, 
D3 = (Ὡς - 1) 4s; 


and similarly 


that is simply 


D=a—a, 
and, remembering that r=D+a, 
r= fla. 


But 2 is a distributive operator ; hence, if L=a,—a, be a straight 
line of any jimite length, joining the particles 1, 2 in the unstrained 


Lea 
‘ 
ies "" 


\ ἌΣ, 
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τς Κ 
Ἢ ἴ" Π] Ι, 7 
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body, and if L’=r,-—1, be what this line becomes in the strained 


body (Fig. 34), we shall have 
Τ᾿ = 01. 
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Observe that, 2 being a linear operator, constant throughout the 
body, not only do the points τ΄, 2’ correspond to 1 and 2 respec- 
tively, but also the straight line joining τ΄ and 2’ corresponds to the 
whole line 12, ἐξ, 12° is composed of the same particles as 12, or 
also: any straight line remains straight. It is this property which 
is particularly characteristic of a Aomogeneous strain. 

Now, let us return again to the general case of heterogeneous 
strain. 

To get the elongation of any linear element, we have only to 
consider the purely irrotational part of the strain; thus, writing 


Y=, 
we shall have, by (53) and (xv.): 
P=i(1+V,D)4 ἃ Ἐκ Ἐ κα Ἐν, δὴ}. (54) 
By elongation (7.c. relative elongation) of a line-element is meant 


the ratio Nee So 
eo, 
Hence, the principal elongations will be 
A=V,2,, A, = V2Dao, A, = VD; (55) 


where D,, etc., are the components of displacement taken along the 
principal axes of 2 or of the strain characterised by Q. 
Using ordinary symbols, (55) would be: 


A, = oe etc. 


If the strain be heterogeneous, it must be remembered that the 
lines along which αὶ, @,, a, are measured are not straight, but 
generally curved lines which may be considered as the limits of 
chains consisting of the corresponding principal axes;* we have 
then a threefold curvilinear, orthogonal system, and the indices 
1, 2, 3 are symbols of components taken tangentially to such lines, 
passing through the given point a. 

Similarly, if ¢c=curlD+o0, the rotational Jines, i.e. the lines 
showing everywhere the direction of the axis of rotation, will 
generally be curved lines. These lines may traverse the triple 
system of edongational lines, generally, in all imaginable directions. 


*The homogeneous strains ‘tangent’ to the given heterogeneous strain being 
different for different points a. 


- ἡ; 
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Having learned the meanings of the different terms and having 
become familiar with the operator 2 and its companion Ve, we 
shall henceforth make free use of the short formula (50). 

Let us imagine three non-coplanar line-elements 1, m, n diverging 
from one and the same point a (Fig. 35); these define an elementary 


! ΜΙΝ 
par nl 
m’ 
Fic. 35. 
parallelopiped, of which the volume dr before the deformation is 
given by dr =1Vmn. (56) 


After the deformation of the body, let 1, m, n become I, m, π΄, 
respectively, and the volume of the parallelopiped dr’; then 

dr’ =VVm'n' 
It is required to compare dr’ with the original volume @r. 

Let again the tensor of ὁ be infinitesimal; then the part ἔνα 
of the operator w in (50), representing a pure rotation of every 
line-element (with the point ἃ as origin) by one and the same 
angle }¢.about one and the same axis, will, of course, exercise no 
influence on the volume of the parallelopiped. In other words, 
the change of volume will be the same as if ¢ were equal to zero 
Thus, it will suffice to take into account the symmietrical part of 
the operator only, and to write 
Y=0] m’=Qm, n’=0n; 

dr NVOmOn 7 
de 1Vmn (57) 

Now, this ratio of scalarly-vectorial products is an invariant 
characterising Ὦ itself, #¢. it does not change at all if instead of 
Ἰ, m, n any other set of three (non-coplanar) elementary vectors, 
diverging from the same point a, be taken. This property belongs 
also to the general linear operator w, #.¢. 
wl Vemon 

1Vmn 


hence 


= 


is an invariant of ὦ 
This theorem is proved in the following way :* 


*Cf. Heaviside, Joc. cit, 
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The most general vector may be expressed by al+fm-+ yn, 
a, 2, y being freely variable scalars. Now, if we take al instead 
of 1, both the numerator and the denominator will be simply 
multiplied by a, so that the quotient x will not be changed ; 
again, adding fm, we get in the numerator the complementary 
term §.wmVemwn, which vanishes identically, by (v1), and 
similarly also in the denominator 8.mVmn=o; hence x will 
still be unaltered. And it will remain invariable if the term yn 
be added. Hence, if 1 be changed in the most general way, the 
value of x will not change; and, similarly, if instead of m, ἢ any 
other vectors be taken, x will still keep its value. 9..p. 

Applying the theorem to Q (as a special kind of w), we see by 
(57) that the ratio dr'/dr is independent of the dimensions and of 
the shape of the volume-element dr, and depends only on the 
properties of 2, ἐξ. on the properties of the given strain, at the 
place where dr is taken. 

Hence, the ratio 
dt -—dz dr 
 - 
which is called the onbic dilatation, or simply the dilatation, has a 
perfectly definite meaning, requiring no further explanatory speci- 
fications. We can speak simply of ‘the dilatation af a point’ 

Now, the value of the ratio (57) being independent of the choice 
of the line-elements 1, πὶ, n, these may be, most conveniently, 
taken along the principal axes of 2 at the given point; hence, 
denoting the directions of these axes by i, j, k, and taking 


l=4, m=mj, n=nk, 
so that 21=A)i, etc., we have 


θ - 


- iVik =2,0,0,, 
the principal values 2,, 2,, Q, being ordinary scalars. 
Thus, by (52a), the cvdic dilatation will be: 
O=(1+V,D,)(1+V_D,)(t+V,D,) = 1, (58) 


or, by (55), 
θ-ἰ|αὰ ἐλ) Ἐλ)ὰ + AQ) —1, (58a) 


where 4,, ἃς, A, are the principal linear elongations. 
Notice that we have seen already that an elementary sphere 
of radius /, and consequently of volume $/*, is transformed into 
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an ellipsoid having 2,/, Q,/, 2,/ as semiaxes, and consequently 


the volume 
g72,0,0,7°, 
so that, in fact, the ratio of volumes is 2,9,0,, as above. 


A strain is said to be infinitesimal if the products and squares 
of the derivatives Ὁ θα), 0/@a,, 0/Ca, of any components of the 
displacement D be negligible in comparison with their first powers 
(after the final rejection of any arbitrary displacement of the whole ἢ 
body in space). f 

Under such conditions, the cubic dilatation becomes, by (58a), 
neglecting λιλῳ τ 3 £22 and a fortiori Aydos, 
| Oa, Cay 

O=A, +A, +A,, (59) 
or, by (58): 
ἴ.ε. (see Chapter I): 
! θ--αἰν Ὁ; (59) 
thus, “he cubic dilatation is equal to the divergence of the dis- 
placement, 

This result may also be obtained more directly, without (58), by 
simply recurring to the definition of divergence by means of the 
surface-integral, #2. by the original definition of div as given in 
Chapter I. 

For, let + be the volume of any portion of the body, before its 


Fic. 36. 


deformation, bounded by the surface o, of which the unit vector ἢ 
is the exferna/ normal, and let τ΄ be the volume of the same portion 
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of the body, after the deformation. Then, remembering that D is 
supposed to be infinitesimal, we shall have (see Fig. 36), 


τ᾽ -T= [Dn . do, 
whence 6=Lim {νυ ac}, 
" το |T 
te. by the cited definition of ‘diy,’ 
θ -- div D. 


Thus, operating with one and the same Hamiltonian V upon 
the displacement D, vectorially or scalarly, we get the two most 
characteristic properties of (infinitesimal) deformation, viz. 

the rotation of an element $¢=4curlD=}VVD, 
the cubic dilatation θ τε diy D=VD. 

For an infinitesimal deformation, all the coefficients of the 
symmetrical operator 


| 2: 
| 


Qi, Ny 
Q=| 2 


Qo Qs 
O53 


have a very simple meaning (with an arbitrary system of reference 
i, j,k). We have, in fact, by (52a), for equal indices, 
OD 


Infinitesimals of the second and higher orders being neglected, we 
see from this that 2, is the linear elongation of an element taken 


Fic. 37. 


initially in the direction i, and that 24, 2, have the same meaning, 
with j, k instead of i. Again, for different indices, 


2055 = VDy+ VyD,= Fo 4 Os, = (a) 
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Let two line-elements coincide before the deformation with ἢ, ΚΕ, 
as regards direction, thus including a right angle; let the angle 
included after deformation be ¢€,,; then, neglecting magnitudes of 
the second and higher orders, we see immediately from Fig. 37 that 
V.D,=@B=f, and similarly V,D,=tgy=y; hence 


rs 
or (δ. Ἐν, 
so that 


7 
23}... = — ἐ. 


Similar meanings will be found for Q,,, 2,, with respect to k, i; 
i, j. 

Thus, the expressions in (A) are, for an infinitesimal strain, the 
shears parallel to the planes ἢ, k; k, i; i, j respectively. 

If i, j, k be taken along the principal axes of Q in the given point 
a, the shears 22,,, etc., vanish, of course, re. the right angles between 
these axes remain right angles after the deformation. 


The Equation of Continuity. 

Let p be the density of mass of the body, 1.6. let pdr be the mass 
of its volume-element τ, before the deformation. Let us denote 
by 6 the change, due to an infinitesimal strain,* of any magnitude 
belonging to an individual element of the body. 

Then, the so-called equation of continuity, which is the expression 
of the invariability of the mass of every individual element, will be 
8(pdr)=o 

or dr. dip + p6(dr)=0, 
or, substituting the dilatation @=8(dr)/dr, : 
dp + p0=o. 

Hence, by (59), the equation of continuity may be written 

dp + pdiv D=o, (60) 
Introducing, as in the beginning, the vector r, and remembering that 
D is to be infinitesimal and that δᾶ =o (because a itself individualises 
a given element), we may write D=ér, and consequently, instead 
of (60), dp t-pdiv(k&) <0. (60a) 

If ὃν is to be any virtual displacement, then it must in the first 
place satisfy this condition. 

* Henceforth only rafinitesimal strains will be considered. 
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Classification of Strains, 
If the displacement D satisfies throughout the strained body, or 
throughout the whole ‘region a’ considered, the condition 
curl Ὦ -- ο, 


then, as we have seen already, no element dr experiences a rotation. 
Consequently, such a strain has been called irrotational, or longi- 
tudinal. The meaning of the last name will be explained in the 
next section. 

On the other hand, if D satisfies, throughout the whole region a, 
the condition 

div D=o, 

no element dr experiences a change of volume. Such a strain, 
which will be met with in the study of incompressible elastic solids 
or liquids, is called a purely transversal strain. It might also be 
called a solenoidal or cirewital strain, these epithets being usually 
attached to any vector w, or better, vector-field w, satisfying the 
condition divw=o; but we prefer the name ‘transversal strain,’ 
the meaning of which will be cleared up further on. 

It is not difficult to prove that every vector-field w may be 
decomposed, and this, moreover, in one st#g/e way, into a purely 
irrotational and a purely solenoidal part. ‘Thus, “#e mos? general 
strain may be represented as a superposition of a longitudinal and 
a transversal strain. 

In the superposition of any two (or more) infinitesimal strains 
given, say, by D,, D,, ze. in the strain given by D=D,+D,, we 


have a simple s«erposttion both of the dilatations and the rotations | 


of any element. For, both cur? and dv are distributive operators, 
so that ᾿ 
'θ Ξ αἷν (D, + D,) =div D, + div D,= i+ 9%; 
and similarly — | 
e=curl (D, + D,) =curl D, + curl D, =¢, + ¢,. 

If the first strain is purely longitudinal, and the second purely 
transversal, then @=6,, c=c,, ἐσ. the resultant strain owes its 
dilatational properties wholly to the first, and its rotational properties 
entirely to the second strain. 

_ Thus, it is convenient, and possible, to treat separately the two 
kinds of strain, longitudinal and transversal. Such a splitting is 
not artificial at all. If the time-development of the phenomena is 
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considered, then the two kinds of strains are, generally, actually 
separated, z.e. the respective disturbances are propagated with different 
velocities, so that if also emitted by the source simultaneously, the 
first kind will soon lag behind the second, or vice versa. 


Longitudinal Strain. 
The condition 
curl ἢ το 
being fulfilled everywhere, the displacement has a scalar potential, 
Say y, Le.: 
D=Vy. (61) 
This potential is not necessarily a single-valued function of the 
position of a point in the region a, say, for example, of the co- 
ordinates @,, @,, @,. It will be such a function for an aeye/ic or 
simply-connected region, as for instance for a medium occupying 
all the (Euclidean) space, or for a sphere, for a cylinder and for 
similar bodies. But generally it may be a many-va/ued function, 
viz. for a cyclic body, as for an anchor ring. 
The displacement is in the present case, by (61), morma/ to the 
surfaces 


| Ψ =const. ; 
for, by (x.), we may write 
ὃ 
D=n ri 


Two equipotential surfaces, to which correspond the values ¥ and 
¥+dy of the potential, cut out from the body an infinitely thin 
sheet or lamina; thus, the whole body may be split into a series 
of such sheets. 

If ¢ is the (infinitesimal) thickness of one of such sheets, in a 
given place, before the deformation, and εἰ after; then, putting 
εἰ -- εἐ- δε, we shall have 

δὲ Sy 


€ 


on" 
as the formula for the relative thickening of a sheet. 
The οὐδε dilatation will be, by (59), 
@=div Vy - τῳ 
or d= σὴν; (62) 
in ordinary rectangular coordinates, for example, we should have 


8. Ὁ A, δ Ἂν ἃ 
a ~ ily Co 


he 
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But, in general considerations, it is best to retain the short formula 
(62) without specifying the choice of any system of coordinates. 
ΝΞ is, at any rate, quite independent of any system of reference. 
(See Chap. I.) 
Writing again, as in (50), for an arbitrary line-element, 
l=uwl, 
the τούσδ operator ὦ will, in the present case of irrotational strain, 
be a symmetrical linear operator : 
ω =f), 
for ¢=curl D=o. 
By (52a), the coefficients of 2 will now be, with ay directions of 
the axes of rectangular coordinates a@,, ay, ay, 


oy . 
ΤᾺΝ ΞΕ 1 πὶ oc, 
Q πΞ ΚΝ, τ:  }))- ae 
ἢ 2\Ca,da, Ca,Ca, 
so that the shears will be given by 


ΟΣ Ἢ 


If all the shears vanish for azy coordinate planes, the strain con- 
sists in a pure change of volume; for then we have, for any choice 
of the rectangular coordinate axes, 


2,0 ὁ | 
πο 2, 0 
o o ἢ. 


In other words: avy direction whatever plays in this case the 
part of a principal axis; hence 
2, = Qo = Ὡς,» say, = ZV, 


Y= 1, 
or /':¢=, independently of the direction of the line-element. 
Thus, in this particular case, the operator 2 degenerates into an 
ordinary scalar multiplier. 
The reader may verify this result by returning to the equations 
Oy /Ca,Ca, = 0, etc., and deducing from them the conclusions which 
easily suggest themselves. 


so that 
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If the displacement is the same (as regards both absolute value 
and direction) for all points situated on any plane a,=const. and 
varies only on passing from one such plane to another parallel 
plane, or—in other words—if D depends only on a,, then 

Ps a ῊῪ, 
Ga, 0a," 
At the same time it follows from the condition curl D=o0, that 


te. D, = const, Dy = const. Thus, the transverse components of 
displacement, ic. the components normal to the axis of a,, are 
the same for the whole body, giving by themselves only a displace- 
ment of the whole body in space, as if it were a rigid body. But 
as we are here concerned rather with relative displacements of 


some parts of the body in regard to others, we may, without 


impairing the generality, write simply 

Thus, what remains will be D, only, Ze. a purely Jongitudinal 
displacement. Hence the name given above to strains satisfying 
the condition curl D=o. 


If, in the whole body, 
@=div D=o, 


so that the volume of any of its portions remains invariable, we 
may put 


D=curl A, (63) 
with the supplementary condition for the auxiliary vector A: 
div A=o, i (64) 


Generally, if a (solenoidal) vector X is put into the form curl x, 
then Ὑ is called the vector-potential of X. Thus, A will be the 
vector-potential of the displacement D. 
For a longitudinal strain, we had 
D=Vy, 
whereas now we have, somewhat analogously, writing curl= VV, 
D=VVA. 


a ΤΡ _ 
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The scalar potential of displacement does not exist for a 
transversal strain; it is replaced here, mutates Renee, by the 
vector-potential. 

By (63) we have for the vector c=curlD, fe. for twice the 
rotation of an element a7, 

ce = curl*A. 
Now, for any vector, say w, we had; in Chapter I., the identical 
formula 


curl’w = V div w — V*w. (xV11.) 
In ovr case, divA being =o, we have, more simply, 
c= -V2A, (65) 


and this is only a vectorial generalisation of the well-known equation 
of Laplace-Poisson. Using, for example, rectangular components 
1, 2, 3, We may split (65) into 
Vi4,=-q, Vds=—-G, V?As= -- ἃ. 
Now, as is well known from the elementary theory of potential 
functions, 
A, =— “ dr, 
pe 
with similar expressions for A,, A, (if A), etc., and their first 
derivatives are finite, continuous and vanish ‘at infinity’ in the 
well-known way). Hence, recombining again, 


ee =\s dr, (66) 


where dz is any volume-element of the body (in which the rotation 
c does not vanish) and » the distance from ¢r to that point /, 
for which A has to be calculated (see Fig. 38), the integration, 


P 


dr 
Fic. 3%. 
of course, being extended to all rotating particles, or, what turns 
out to be the same thing, to the whole strained body. 
To this formula and to the analogous one for the scalar potential, 


1 -αὐΆ 


ll 
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which follows from the differential equation (62) precisely in the 
same way as (66) from (65), we shall return later, namely in the 
kinematical part of the subject, where not the displacement itself 
but its velocity. or time-rate of change will be treated. We shall 
then give also the interpretation of these formulae. 

At any rate, it must be observed that both the scalar and the 
vector-potentials are auxiliary notions, while the displacement, the 
rotation or dilatation have immediate physical meanings. 

Supposing again (as for the longitudinal strain) that D, in a 
transversal strain, depends only on @,, we have from divD=o: 

OD, 


V2 Sa i 


or D,=const., so that, by the above remarks, we may put, in 
this case : 
thus, the remaining displacement is entirely sorma/ to the axis 
of a,, or 

Di=o. 
This is the reason why a strain satisfying the condition divD=o 
has been called a ¢ransversal strain. 


Surfaces of Discontinuity. 


Till now the displacement D has been always assumed to be a 
continuous function of a(@,, as, ας); in other words, it has been 
supposed that on passing from one particle to others the vector D 
changes in a continuous manner. 

But now let us admit that at some surfaces (ἐ.6. on traversing 
some surfaces from one side to the other) the displacement itself 
or its derivatives, or the derivatives of some of its components, 
may jump or experience a discontinuity. 


Fic. 39. 


Let o (Fig. 39) represent such a surface of discontinuity. Let the 
unit vector mn ve the normal of one of its elements dr. If the 


118 VECTORIAL MECHANICS 


equation of this surface, before the deformation of the body, be 
F(a; ἅν @)=0, or more briefly, 


=f (a) =0,* 
then we may express the normal by 


a=W, 


since x is simply the tensor of τῇ and V/ is a vector normal to 
the surface σ of f=o. (Here the normal n is meant to be taken 
in the direction of increasing ἢ) 

The jump of any magnitude, say a, whether a scalar or a vector, 
on traversing σ in the positive direction of n, will be denoted 
(according to the notation of Christoffel) by [a]; thus, using the 
accents ᾿ and “ in the manner explained in Fig. 39, we shall write 

α΄ -- α' =[a]. 
Consequently, the jump of the displacement will be denoted by [D}. 

It is scarcely necessary to remember that a jump of a scalar is 
a scalar, and the jump of a vector, being simply the difference of 
two vector values, is a vector. 

We shall suppose that the body, occupying a certain portion of 
space continuously in its ‘natural’ state, continues to do so in the 
strained state, viz. that it is not torn by the strain. From this 
supposition it follows immediately that the serma/ component of 
the displacement is continuous, or that 

[Dn] =o. (67) 

On the other hand, the part of the displacement ¢angentia/ to the 
surface σ᾽ may experience a jump; denoting this part, in absolute 
value and direction, by the vector T, #¢. writing 

T=D-—n(Dn)= VnVDn, 
we shall have, generally, 
[T]#0. 
This means, obviously, that two parts of the strained body, without 
separating from, may glide along one another, and this gliding is 
expressed, at any point of the surface of contact, by [T], which— 
being a vector—may be denoted by 8. 


' “ Here "αὐ is not the tensor of a but an abbreviation for ‘@,, @, a,’ or for any 
other three parameters individualising a material particle. 


Bl 
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The normal component of D being continuous, we may say also 
that the gliding or the jump of the tangential part represents the 
entire jump of the displacement: 

| [D]=[T]=8. 

Remembering the definition of acr/ in terms of the line-integral, 
the reader will easily prove that a surface of discontinuity of the 
tangential part of the vector in question is equivalent to an in- 
definitely thin ‘rotational’ sheet, .¢. to a sheet of curl D= 2e with an 
indefinitely large value of ¢, but so that the product of the thickness 
A by ¢, or the moment or strength of the rotational sheet, is finite,— 
the direction of curl D being normal to the plane ny, 5, z¢. tangent 
to the surface σ᾽ and normal to the gliding. ‘The exact expression 
of this equivalence is 

Lim (A curl D) = Vn8 = Vn[T], 
where 4, the thickness of the sheet, tends to zero. 

1.5 is the strength of the rotational sheet, per unit length, measured 
in the direction of 8. 

The interpretation of this equivalence is obvious. In fact, instead 
of the gliding of two bodies in mutual contact may be substituted 
(in its purely kinematical aspect, of course) their rolling on very 
thin tubes of circular section, interposed between the bodies and 
rotating about their own axes, as shown in Fig. 40, the plane of this 


Fits 46. 


figure being ἢ, 8. ‘The axes-of these tubes, not necessarily straight, 
will coincide with the rotational lines, se, with the lines indicating 
everywhere the direction of the vector c= 4 curl D. 

In regard to this equivalence of surfaces of gliding and of sheets 
of rotation, the following remark may not be superfluous. 

When we say that a given strain is purely irrotational (or ‘longi- 
tudinal’) in the whole body or medium in question, we mean that 
not only curl Ὁ τὸ in continuous regions but also that there are no 
infinitesimally thin sheets of rotation or surfaces of gliding, ¢.e. that 
not only curl D=o, where continuity reigns, but also [T]=o and 
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consequently [D]=o at any surfaces of discontinuity. The con- 
dition that the body should not be torn requires the continuity of 
the normal component, and the supposed complete irrotationality 
of the strain requires the continuity of the tangential part of the 
displacement; thus, the whole displacement must be continuous, 
[D]=o0, for irrotational strains. Nevertheless, certain surfaces of 
discontinuity are possible for such strains ; in fact, the displacement 
D itself must then be continuous, but different magnitudes deduced 
from it, say, by the process of differentiation in regard to space, 
may be discontinuous. 

Such discontinuities have played, since the times of Riemann, 
a very considerable part in many branches of mathematical physics. 

In order to become acquainted in the easiest way possible with 
some of their fundamental properties, let us begin with the simpler 
case of a scalar. The passage to discontinuities of a vector will 
then follow almost immediately.- 

Let ᾧ be any sea/ar function of position in the space a; suppose 
that, through the surface o, the function ᾧ remains continuous, ἡ.ε. 
[>] =o, 
but that its frs¢ derivatives in regard to space, say Cd/Ca,, etc., and 

consequently also its slope Vd, is discontinuous, or that 
[Vp] #0. 
Then the discontinuity is called a discontinutty of the first order. 


Similarly, if [| +o. (The time, however, will come in only in 


the next section of this chapter.) Generally, if the function ᾧ itself 
and all its derivatives up to the (#—1)* order, inclusively, are con- 
tinuous, and the derivatives of the μὴ" (with or without the deriva- 
tives of higher) order become discontinuous, then the discontinuity 
is called of the xu” order. 

The mere fact that the discontinuities are supposed to be dis- 
tributed over some surface σι or f=0, leads of itself to certain con- 
ditions, which Hadamard calls the identical conditions.* 

Limiting ourselves to the consideration of discontinuities of the 
first order only, we shall now proceed to develop the corresponding 
identical conditions. 

“1. Hadamard, Lerons sur la propagation des ondes εἰ les dguations εἷς Γ hydro- 
dynamigue, Paris, 1903, Ρ. $1. Compare also G. Zémplen, Zncyhlop. a. math. 
Wissenschaften, Vol. 1V., Heft. 3, 1906, and P. Appell, 7raité de mécanique, 
Vol. ITT. Chap. XXXII. iti. 1903. 
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Let, then, [φ] =o, (68) 
but [V4] #0, (69) 
at the surface σ. This surface divides the space into two regions ; 
we shall suppose that in each of these not only the gradient Vo 
exists and is continuous, but also that on approaching the surface o 
from one or from the other side, V4 and consequently also Op/Oa,, 
etc., tend to definite values, which however are different for the two 
sides, viz. (Vp), (V)", respectively. 

Under such conditions it may easily be shown that the differen- 
tials of both ¢’ and ¢” taken along any line-element /ying on the 
surface σ᾽ are expressed by the ordinary rules of the calculus (see 
Hadamard, /oc ait. Art. 72). 

Let, then, 1 be such a line-element, having an arbitrary direction Ὁ 
on the surface of discontinuity. ‘Then, at the one side of the surface, 
do! =1V¢", 

and similarly, at the opposite side, 
dp’ =r, 
whence, by subtraction, and remembering that [#]=o on the whole 
surface, and consequently ἀ φ] 5 ἀφ᾽ — ἀφ" =o, 
| 1{04φ]-- ο. 
This equation is true for every 1 lying on o; hence : 


The vector [4] or the jump of the vector Vp ts normal to the 
surface of discontinuity (provided always, as has been supposed, 
that ¢ itself remains continuous). 


Denoting, then, by A a scalar quantity, the values of which will 
generally be different for different points of σ, we may write 


[Vp] =An (70) 
or, remembering that n=V/: offon, 
[Vp] =AV/, (70a) 


X being again a scalar, viz. A=A: 0//on, and f=o the equation of 
the surface. 

The equation (70) or (70a) is the vector equivalent of Hadamard’s 
three scalar :dentical conditions for a discontinuity of the first order. . 

The value of the scalar A, ie. the adsolute value of the jump, 
remains arbitrary ; but if it be given, all about the discontinuity 15 
known, since the direcfion of the jump is determined, being, by 
the above theorem, everywhere normal to the given surface /=o. 
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Of course, it has been tacitly assumed here that this surface has at 
the points considered a determinate normal. 

The above theorem may now be applied to each of the com- 
ponents of any vector, for instance, of the displacement D. If all 
the components of D itself are continuous, zc. if 


[D,]=[D,]=[DJ=o, 
[D] =o (7 τα) 
then we have, by (70), writing simply ¢=D,, or D,, or D,, and 


denoting by m,, #1), mg three (mutually independent) scalars, every 
one of which takes in turn the place of the above ἁ, 


[VD,] = mn, 


and hence also 


[VD] = mn, 
[VD] = mp, 
where we may write also n=V/: d//on. 
The three vector equations are equivalent to Hadamard’s nine 
scalar identical conditions for a discontinuity of the first order of a 
vector. 
Now, the scalars ,, δ.» m, may be considered as the com- 
ponents of a vector, say m: 


(71) 


this vector being characteristic for the given discontinuity. In fact, 
if we know the form of the surface f=o and the vector m for every 
point of this surface, then we know everything about the discon- 
tinuity. The reader will easily show that m is independent of the 
choice of the system of reference (and it is this that proves its true 
vectorial character). Consequently we have no need of such a 
system, and thus instead of the three equations (71’) we may write 
a single equation. In fact, let x be any vector whatever, say a 
unit vector, of a quite arbitrary direction; then we may write 


instead of (71'): 
(V(Dx)]=n(mx). (71) 


We here reach the extreme of condensation, viz. wine scalar identical 
conditions of Hadamard packed closely into a single formula. 

From this the formulae for the jump of the (double) rotation or 
of e=curlD and for the jump of the cubic dilatation 6=div D 
may immediately be deduced. 


" 


: 
] 
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curl D=i(V,D,-V,2.)+ -.. = VVD; 


[6] =[div D]=nm, (72) 
(¢]=[curl D] = Vam. (73) 
These formulae show an instructive anal to one another, 
especially if they are written in a slightly, different way, 

[VD] =nm, 
[VVD]=Vnm. 
From (72), (73) the truth of the following propositions is seen 
immediately : 


hence 


1°. If the vector τὰ be /angentf to the surface of discontinuity, 
then mn=o and 
[6] =[div D]=0, 


te, the cubic dilatation remains continuous. 
2°. For any direction of m, (73) multiplied scalarly by n gives: 
[ne] =[ncurl D]=0; 
the normal component of the rotation remains continuous, so that 
only its tangential part may jump. 
3. Similarly, multiplying by m, 
[me] =[mcurl D]=0, 
i.e. the component of the rotation taken along τὰ also remains 
continuous. 


Thus, the whole jump of the rotation, considered as a vector, 
is normal to the plane τὰ, Ἢ. 

If m be given, both [6] and [6], or [divD] and [curl D], are 
given; conversely, if [@] and [6] are known, also m, the vector 
characteristic of the discontinuity of 1st order, is completely known, 
since [0] determines its normal and [6] its tangential part. 


Kinematics of a Deformable Body. 


Until now the strain has been considered without regard to the 
interval of time in which it has been produced. The displacement 
D, which in the last sections has been supposed infinitesimal, was 
simply the difference of the vector r determining the position of 
a given particle ‘after deformation’ and the vector a determining 
the position of the same particle ‘before deformation,’ independently 
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of the time-interval that has elapsed. Let us now bring in the 
time Δ 

The infinitesimal displacement, till now denoted by D, will 
henceforth be written @D and considered as taking place in the 
infinitesimal time-interval ¢/# Since a characterises a given indi- 
vidual particle of the body, so that da=o (a being simply the 
vector defining the ‘initial’ position of the particle, say for /= 4), 
we may write dr instead of dD, remembering that we had generally 
Ὦ τῷ -- ἃ. 

The infinitesimal vector 

dD=ar 
will express the element of the path described by the individual 
particle a during the interval of time ¢— τ ὧδ 

Thus, denoting by v the instantaneous gve/octy of motion of 
the particle, we shall have 

ν-Ῥ. ὦ 
dt dt 

The following distinction is very important and must be constantly 
kept in mind. 

Let ¥ be any (scalar or vector) quantity belonging to a given 
particle of the body. Then, following the individual history of 
the particle, viz. watching it in its motion, we shall denote the 
time-rate of change of Ψ by 


dt 
and call it the individual change, per unit time. Thus, for example, 
the velocity v of a particle is the individual change of the vector r 


(per unit time), and has therefore been denoted by =. 


On the other hand, instead of following a given particle, we may 
concentrate our attention on a fixed point of space,* through 
which is passing now this particle and now that, and observe the 
value of ¥ reigning at this point, without troubling ourselves about 
the question to which particles the ¥ belongs. The change thus 
defined may be called the local change; per unit time, it will be 
denoted by 

oy 
5; 


* That is on a point given relatively to some system of reference which does not 
participate in the motion of the deformable body. 
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For instance, a will be the local rate of change of velocity, 


while τ will be the change (per unit time) of velocity of motion 


of ἃ given particle or the acceleration of this individual particle. 
, a. 
Similarly, τ will be the local rate of change of density and <f 


the rate of change of density of a given volume-element of the 
body, which consists always of the same particles. 

The two rates of change, thus distinguished, are connected by a 
yery simple relation. For, in the time d/a given particle experiences 
the displacement vf, and thus passes from a place where ¥ reigns 
to another place where the value ¥+dé(vV)¥ would reign if there 
were no local changes in time; thus, in the most general case 
we have: 

r°. the change d/(vV)¥ 
and 2°. the local change OF at 


Now, the individual change in the infinitesimal time df is equal to 
the sum of these two changes;* hence, per unit time, 

ot a, + (¥V)¥, (74) 
which is the required relation. 

If ¥ be a scalar, the parenthesis at vV may be omitted as 
superfluous; but should ¥ be a vector, we must keep it, to avoid 
misunderstanding. 

By this general formula we have, for instance, for the acceleration 
of a particle which we follow in its motion: 

& = = +(vV)¥. (74a) 
If the velocity be very small, the second term on the night side may 
be neglected in the presence of the first (as indeed is done in 
many hydrodynamical problems). But, in general, this term must 
be retained, so that the acceleration of a particle will be different 
from the local rate of change of the velocity. 

Similarly we have for the rate of individual change of density 


5, ἘΥ͂ΡΡ, (7.46) 


a formula which we shall soon use. 


*For, in thus combining the two kinds of change which in reality go on 
simultaneously, we only neglect infinitesimal terms of second and higher orders. 
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We may now in all our previous formulae substitute in place of 
the infinitesimal displacement (D, which now is denoted by dD) 
the velocity 
aD 

r a 

Let us begin with the first fundamental formula, i. (48’). Instead 

of D, we have now to write @D or τσ αὖ; hence 

V—1=(1V)v. dz, 
where ἴδ, a simple scalar factor, is not exposed, of course, to the 
action of the operator 1V. 

Now, remembering that 1 is the original line-element and I she 
same element after deformation, and that this deformation has taken 
place during the time αἱ, we see that I~1 is the individual change 
of 1 or, in the accepted notation, I'-1=d1. Hence, per unit time, 

G7 (Ὁ). (75) 
It must be kept in mind that 1, on both sides of (75), is an 
infinitesimal vector, whereas the velocity v is generally finite. 
Again, we have seen [cf. (50), (51)] that the vector }curlD or, 
in the present notation, }¢¢.curly is the rotation of a particle. 
Hence, the rotation per unit time or the angular velocity, or 
vortex velocity,* will be given by the vector 

w= curl v. (76) 


The cubic dilatation will be in the present notation, by (59), 
in time d: 


v= 


af. div y, 
hence, per unit time, 
div v. 
The rate of individual change of the volume τ of a given element 
of the body will be 


d | 
ae) =divv. dz, (77) 
and the equation of ma by (60), 


@ + pdivy= =o. (78) 


*In English it is commonly called ‘ molecular rotation,’ in German ‘ Wirbe/. 
geschwindighett,’ 1 do not call it here by the usual English name ‘ molecular 
rotation,’ because, first, it is not a rotation but a velocity of rotation, and, second, 
it has nothing molecular about it. 
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This is the direct expression of the invariability of the individual 


mass dm=pdr of an element during its motion and deformation ; 
for, by (77), it reduces to 
- sites) d 
onde Pp aa ἢ = 7 (pat ) 
or to 


αἱ 
7 am) =0. 
Instead of (78) we may write also, by (744), 


op 
ay + Wp +pdivv=o; 


but the sum of the second and third term is easily shown to be 
= div (pv); hence, as a second form of the equation of continuity, 


ae is 
5; + div (pv) =o. (78a) 


The interpretation of this form is obvious: the (local) increment of 
mass in a volume-element of space is equal to the algebraic sum 
of the masses flowing in and out across its boundary. 

If curly=o, the motion is called srrofationa/, or purely di/ata- 
tional. Sometimes, especially if we are concerned with oscillations, 
it is also called ‘longitudinal,’ as was the corresponding strain in 
the preceding sections. 

On the other hand, if divv=o, the motion is called so/enotda/ 
or circuttal, or also ‘ transversal,’ 

As with the strains above, so the most general motion of a 
non-rigid body may now be represented as the superposition of an 
irrotational and of a circuital or solenoidal motion. 

In the case of irrotational motion the so-called velocity-potential 
exists, fe. a scalar function ᾧ of position and time, such that 

v=V¢. 
This potential may be single valued or many valued; the first zs 
always the case if the region of irrotationality be acyclic, the second 
may be the case if this region be cyclic. 

On the other hand, in the case of circuital motion we may put 
always 

v=curlB, 
with the supplementary restriction 
div B=o. 
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The vector B, playing in this case the part of the scalar ¢, is called 
the vector-potential of velocity. 

The reader may compare this with what has been said about 
the corresponding potentials of displacement. The interpretation, 
promised on that occasion, of the formulae 


curl Υ ἦν Ὺ 
B= =| r sr [4 


and b= ar DWN as 


will be given later on, in the chapter on Hydrodynamics or rather 
inits purely kinematical part. There we shall say also ἃ few words 
about ‘lines of flow’ and ‘ vortex lines.’ 

For the present these general remarks about the kinematics of a 
non-rigid body (whether it be a fluid or, more particularly, a liquid 
or an elastic solid) will suffice. But ‘before passing finally to 
dynamical considerations it will be useful once more to consider 
surfaces of discontinuity, this time from the kinematical point of 
view, 


Kinematics of Surfaces of Discontinuity. 

Let again f=o be the equation of a surface of discontinuity o. 
If D be the displacement, we have, for a discontinuity of ‘he first 
order, [D] =o, 
while the vectors VD,, VD,, VD, and dD/d#=v are, generally, 
discontinuous : 

[VD], [VD,]}, [VD], [ν] #0. 

We have already seen that the first three of these discontinuities 
are completely defined by a single vector m. In order to determine 
the fourth discontinuity, 1.6. that of the velocity v, another vector 
must be given, say 

[ν] =m’. 
Thus, the discontinuity of the first order will be defined entirely 
by two vectors, m and m’, which, of course, may be different for 
different points of the surface σ. 

These two vectors, however, are not mutually independent. That 
is to say, if the discontinuity, distributed over some surface at the 
instant 4, is to exist also at the instant /+d/ on some surface, fe. if 
it is required that the surface o, while moving and changing its 
form, should not split into two or more distinc! surfaces and that it 
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should not dissolve, then between the jumps [VZ,], etc., on the one 
side and [v] on the other side there must subsist certain relations 
which Hadamard, following the example of Hugoniot, calls the 
kinematical conditions of compatibility. 

For discontinuities of the first order, these have been already 
given (in 1878) by E. B. Christoffel, who called them ¢he phoronomic 
conditions.* 

These will appear in what follows in the form of a single-vector 
equation, 

To obtain it, remember that [D]=o0, ἐμ. also 

[Di] =(2.]=[2s] =o. 


Let us therefore consider again a scalar function ¢ of position and 


time, such that, on traversing the surface ¢ or f=/(a,, ας, ας, ¢)=0, 
[φ]-ο. 

If this condition is to be satisfied not only at the instant 4 but 

also at /+d#, we have 


a(p] =o, 
be [V4] + E; dt=o, (a2) 
where 1 is any line-element satisfying the condition 
1V/+ 4 at=o. (ὁ) 


Here we have iad for the partial derivative with respect to the 
time the symboi 4, since @ OF @;, @, ἄς have to be kept constant 


on differentiating atts respect to ὁ i.e. we havé to follow “he same 
particle of the body; and it is for such derivatives that the symbol 


5 has already been used above. 


Now, take in the eq. (a) instead of ¢, say, the first component of 
displacement 2, and remember that, by the ‘identical conditions,’ 


[VD,]=m,n ; (71') 
min +| ΚΠ 2 | dt=o, 
Or, writing again n=V/: f/On, 


iad ie Fp | dao; 


*See Hadamard or Zémplen, /oc. ci? 
V.M. I 


thus 
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hence, by (4), 


[Ὁ] τι, : 2, [Ὁ.} = ms = va 
hence "a 
m’=|v|=m ΕΑ (79) 


This is the relation between the vectors m’ and πὶ, alluded to. 


Remember that a is the same thing as the tensor of V/ or, in 


Cartesians, i - ἢ 
TO 
Cay 
A discontinuity is called stationary, if the surface a, though moving 
about in space and changing its form, is composed always of ‘he 
same material particles, ic. if f is a function of aj, ay, ἂς “ot con- 
taining the time t,—which we may write shortly 
S=f(a)=0. 
If, on the other hand, / does contain the time 4, or if 
Saft a) =0, 
then the discontinuity is of atfached to the same particles of the 
body. In this case we shall say, following Hadamard, that the 
discontinuity constitutes a wave (properly so called) and that it is 
propagated in the body or material medium. 
Now, for a statiorary discontinuity, we have, by its definition, 


= 0, 


= 
i.¢, denoting now by V/ the gradient of / in ‘the space σ᾿ (and not a), 
of 
vV/+ =) = 0. 
This is true for each side of the surface ; thus, 
Sf _ a :: 
VV/+ 3, Ξο, νυ ἘΞ; ο; 
hence, by subtraction, [v]V/=o0, or [v]n =o, or, finally : 
[vn] =o. (80) 


Thus, for a sfatfonary discontinuity, the xermal component of 
velocity remains continuous. 
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In fact, such a discontinuity being (by definition) attached always 
to the same particles, the body would be torn asunder unless [yn] =o. 

But if the discontinuity is not stationary or, according to the 
above nomenclature, if it constitutes a wave, then we may have 

[wn] =o. 

For, in this case the discontinuity does not stick to the same 
particles but is transferred to others and others, and thus does not 
produce a tearing of the body. 

Such a wave is propagated in the body or medium (which may 
itself move). Let o and σ΄ (Fig. 41) represent the wave at the 


instants ¢ and /+ <7, respectively. If av is an infinitesimal segment 
of the normal, contained between o and σ΄, the velocity of propagation 
of the wave, say b, will be 

an 

ΗΝ 

Now, in the equation (4) take, instead of 1, the infinitesimal normal 
vector, .¢. nan; then 


n\/.dn+ Y at = 0, 


p= 


or, writing again V/=n of/ex and remembering that n*=1, 
C2 ae 
aa adn + ai df=o ; 
hence 
ν . δ ἣν 
b= - on (81) 
Finally, substituting this in (79), we have the required Ainematical 
condition of compatibilsty : 


(v)=| 7 |= - νὰ (82) 
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To resume, write again the identical conditions (71') or, in the 


condensed shape (71), . 
[V(Dx)]=n(mx), (71 bis) 
where X is an arbitrary vector. 

Then it is seen that the discontinuity of the first order is completely 
defined by one vector m and by one scalar Ὁ, the velocity of propaga- 
tion.* Both the vector and the scalar may be prescribed for each 
point of the wave in a quite arbitrary manner. Thus, to find the 
velocity of propagation we must know, besides the kinematics, some- 
thing else about the deformable body, for instance its dynamics. A 
concrete example of such a determination of the velocity of propaga- 
tion, originally due to Hugoniot, will be reproduced vectorially at 
the. very end of the chapter on Hydrodynamics (Chap. VI). 
Meanwhile let us look for the main features of the Dynamics of 
any non-rigid body. 


Stress. Differential Equations of Motion. 

Let us imagine anywhere in a deformable body or medium a 
surface-element do, of which the normal may be given by the unit 
vector πὶ. 

Let the pressure on do, as regards intensity and direction, be 
represented by the vector 

P,, do, 
or, per unit area, by the vector p,, where # is a simple index 
reminding us that an element normal to n is in question (Fig. 42). 


Fic. 45. 

Tensions will. be considered as negative pressures. 
The pressures for n=i, j, k will be denoted by the vectors p,, p,, 
Ῥῳ respectively, and their components along i, j, KE by the scalars 


*The same thing might be shown to be true also for a discontinuity of any 
higher order; but, as has been said above, we shall! limit ourselves to those of the 


* first order. 
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Pir» Pye: «++ Psa» fgg, the components with equal indices being, thus, 
normal and those with different indices fangential to the surface 
acted on (Fig. 43). 

For any given direction of n, the orma/ component of the 
pressure will be 

Pon =BP,; 
and the /angential part of the pressure, in intensity and direction, 
P, — 2(np,,). 

Finally, the components of p, along the conventional i, j, k will, 

according to the above, be denoted by 
ip,, =Paiy jP..=Pu2s Ep, =/.3- 

The stress is determined completely, if the vector p, be known 
for every point of the body or medium and for every orientation 
of do or, what is the same thing, for every direction of n. 

Now, assuming that the resultant force of the stress, on an 
element of volume, is a magnitude of ‘he same order as (or at least 
not lower than) this volume itself, it is easily proved that 

Pu =Pum +Patet Pats, 

Pua=Piat Ἐῶ t+ Pats, (83) 

Pos=Piut + puts Ἔ Pots, 
where 7, 7g, % are the components of the unit vector πὶ along 
i, ἢ, k, or the direction cosines of the normal n relatively to the 
same system of axes. 

Thus, in the most general case, the stress will be determined 
by nine scalars, say: 

Pu Pre Piss 

Pa Poe Pegs 

Pa Pe Ps: 
(Also, it will next be shown that, for dynamical reasons, say, by 
d’Alembert’s Principle, this number is at once reduced to six.) 

According to (83) it may be said that the pressure p,, is a linear 
vector function of the normal n of the surface-element acted on, 
which fact may be expressed shortly, denoting by / a linear vector- 
operator, the stress-operator, and writing 

p, Ξ 28 (84) 
in the same way as, in the general theory of such operators, B= oA. 

Thus, the theory of stress is reduced at once to the theory of 
the linear vector-operator; hence it would be superfluous to dwell 
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more on this subject. It will be sufficient to add a few words 
as to the terminology. Thus, principal axes of a stress are called 
those directions +n, for which the pressure becomes purely normal ; 
hence, the principal stress-axes and the corresponding principal 
pressures (or tensions) are synonyms of the principal axes and the 
principal values of the linear vector-operator ~. If, in particular, 
this operator degenerates into a simple scalar, then the pressure 
is purely normal and equal for all directions of m, or becomes 
what is called a ‘Aydrostatic’ pressure, 1.5. an isofropic pressure. 

Taking foo instead of fog, etc., another stress is obtained which 
is called conjugate with respect to that given by the operator 7; 
let it be denoted by g, #«. 

Jin = Lar (4, K= 1, 2, 3). 

Then (83) may be written thus: 


Pui= AQ, Pua= BM, Pus =D (85) 
or, in a single vector equation, 
p, =/n=i.qn+j.qn+k. qa, (85) 


so that the operator ῥ, defining the stress completely, assumes 
again the form of a dyadic, as mentioned before, namely 

Now, let dr be a volume-clement of the deformable body, do a 
surface-element of its boundary, with normal n directed outwards, 
p the density of mass, and, finally, F the impressed (or external) 
force, fer watt volume. 

Among the virtual displacements of the body, considered as a 
system free to move about in space (i.¢. relatively to our original 
system of reference QO), are included : 


1° the displacement of the whole body in any direction 
whatever, as if it were a rigid body ; 
2° the rotation of the body as a whole about any axis. 


Thus, applying d’Alembert’s Principle (1), Chap. 11., first to 
the displacement 1° and then to 2°, we have, respectively, 


[μ᾿ ὅτ [er dz - [Pato (a) 


[eVstar= [pVER dr - Vrp,do, (3) 


the integrals extending to the whole volume and over the whole 


MECHANICS OF DEFORMABLE BODIES 135 


bounding surface of the body, and ¥ being a short symbol for 
@r/dt? or @°*D/dz* or, finally, ἐν αἱ. 

The first of these equations expresses the principle of the centre 
of mass and the second the principle of areas. Both may be 
applied also to any portion τ' of the body if only instead of o the 
surface σ΄, the boundary of τ΄, is taken and if by p, the pressures 
on σ᾽ are meant. These ‘pressures’ are the expression of the 


Fig. 44. 


physical connexion of the portion 7’ with the rest of the body τ -- τ' 
(Fig. 44). 

We shall preserve in (a), (4) the symbols dz, dx (without accents), 
but shall keep in mind that (a), (ὁ) are applicable to any portion 
τ΄ of the body. 


Now, consider the component along i of the integral |p.de in 
(a). By (85') it may be written 
[onde fade -- [aiveadr, 


by Theorem VI. of Chapter 1. Similarly, the two remaining 
components will be 


|? odo = [eiv Qedr, |. dr = [aiv adr: 


hence, as (@) is applicable separately to every element of volume, 
dz, of the body, 


pa =F -idiva, -jdiva,—kdiva,. (86) 
This general equation of motion of a deformable body contains 


the stress g conjugate to ἡ. But, using. (4), it may immediately be 
shown that the stress f must be sed//conjugate, 1c. that g=/. 
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In fact, substituting (86) for pF in (4), we have 
|¥eGdiva, + -)dr= [Vande 


=[ved. qn +j.qn+k.qn) do, by (85); 


but here the volume-integral on the right hand may be easily 
transformed * into the surface-integral on the left hand p/us the 
volume-integral | 


I= | ((V) Vir+ (a0) Vir-+ (@V) Vix} ar. 


Hence /=0; and since this is true for any portion of the body, 
we have everywhere 

(a,V) Vir + (@,V) Vir + (q,V) Vir =o. (¢) 
Multiply this equation scalarly by i and remember that iVir=<o, 
iVjr=rVij=rk=7, and, similarly, iVkr= — 7); then 

: (GV) 75 -- (G3V) 72 πο; 
ὃ Ὁ Ὁ 0 3 

but q.V=¢.,—— ——- — = Ja, <— = ; 
ut ἃς τ ας σα GV = 993: eae, + ΣΝ 


ae “+ og = sa = Pog =P oo 3 

similarly, multiplying (¢) scalarly by ἢ, or by k, we get 
91 =%13 τ δι =Piss P19 = Ζῳ =P 1g =P}: 

Hence g=/. Q.E.D. 


Thus, the stress is self/conyugate, or, as is also said, irrotational ;+ 
in other words, the corresponding linear operator 9 is a symmetrical 
operator. The number of scalars defining it is reduced to six, say: 

Pur» Pa, Pyg (normal pressures), 

. Pog; Pi» Pig (tangential pressures). 

This property, as we have seen, belongs to every dynamical stress, 
ΠΕ. to every stress obeying d’Alembert’s (or any other equivalent) 
Principle. 


* For this purpose it suffices to recur to the formula 
δ Patna div (sA)=sdivA+AQs, 
which is satisfied identically for any scalar s and any vector A, and which gives 
[πἀἰνα. ἀντι [ div (sa).dr— faye.dr= sande [ AVs dr. 


+ This name is based on the circumstance that the differences 
Pn~Pa, ett, 
would be the components of the moment of a couple of forces (per unit volume) 
tending to ¢wrn an element dr ; and since fs=f53, etc., this moment vanishes. 
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It may, by the way, be remarked here that Maxwell’s ‘electro- 
magnetic stress’ (for isotropic bodies ἐς, but) for erysta//ine bodies 
ts not irrotational and, consequently, does not fulfil the above 
mechanical requirements. 

Henceforth, by the last proposition, we may write in all our 
formulae, » instead of g. Thus, the general differential equation 
of motion (86) becomes 


p oy =p = pF -idivy, -3 div p, —k div p,. (87) 


This is the vectorial condensation of the three commonly used 
scalar equations, of which it will suffice here to write the first only: 


do on ape (Pus & is 
pa = ph - div Py pi, (Ξε Lars Za), (874) 


71, 7%, 7 being the same as the ordinary ‘x, y, 2.’ 
For a non-viseous fiuid the tangential pressures vanish and those 
normal become equal for ail directions of n, that is to say : 
Pos =P = P12 =° 
and Pr =P =Pag, SAY =P- 
The linear operator, which we have in the general case denoted also 
by 2, becomes now a simple scalar, 7.6. a scalar function of position 
and of time. In this simplest case eq. (87@) reduces to 
d*r, dv = 
pag =P = PA Mp, 
and the vector equation (87) becomes 


ar dy 


To this fundamental equation of Hydrodynamics we shall return in 
the next chapter. 

For viscous liquids or (more generally) fluids, and for elastic solids 
the stress loses this idyllic simplicity ; the pressure (or tension) is no 
longer isotropic and, in general, not normal, but becomes normal 
for three particular directions only—the principal axes, varying from 
point to point. In this case we must return to the general equation 
of motion, (87), taking into account the six different components 
of stress 
Pus Poo) Pos: Pog) Pay Pig 
which depend generally in a rather complicated way on the elemen- 
tary deformations of the body. 
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We shall not enter here into the details of this subject, but shall 
limit ourselves to the brief remark that, for infinitesimal deforma- 
tions, the normal and the tangential components of stress have a 
potential, t.c. may be represented as the partial derivatives of a 
scalar function / with respect to the six ene which determine 
the strain. 

That is to say, denoting again by D the displacement and by 
δ}. @tC., Xyz, etc., the principal linear elongations and the shears, 

νι. τ Xu; 
νι. VD, = Nig = Very 


ar ΟΝ | 


ἢ X=, 2, 3) 
where } is a quadratic homogeneous function of the six ‘strain- 
characteristics’ 2,,, 2. 

This function, taken with the wegafive sign, constitutes the so- 
called energy of elastic deformation, per unit volume. 

Remembering that the virtual work of the pressures or tensions 
will then be given, per unit volume, by δ the differential equations 
of motion of an elastic body may be easily deduced from Hamilton’s 
Principle. 

Finally, it may be observed here that for non-viscous fluids the 
energy of deformation depends only on the cubic dilatation, ze. the 
above function / reduces to 

L=J(9) =f(% yy Ἔχω + X53), 


whence it follows immediately that 
Pog =P, =P, = 0 
Py =P =P 2: 


we have 


(89) 


and 


as stated above. 


CHAPTER VI. 


In the case of a non-viscous fluid, of which the dynamics shall be the 
subject of the present chapter, the stress, as has been mentioned 
above, reduces to a pressure # purely normal and isotropic, not only 
in the state of equilibrium, but also in any state of motion. 

Under these conditions the equation (88) holds, where v is the 
velocity, p the density of the fluid, F the impressed force, per unit 
volume. We shall limit ourselves to the consideration of the so- 
called Zudertan form* of the hydrodynamical equations, and shall, 
consequently, choose as independent variables the time / and any 
three coordinates which determine the position of a point in space 
relatively to some system of reference which does not participate in 
the considered motion of the fluid, and which is mechanically 
equivalent to our previous ‘system Ὁ. 

Thus, understanding by V the gradient in this space and using 
the relation (74a), we have, as the fundamental differential equation 
of Hydrodynamics, 

εἶν 


τ τὸν ἐσῦ)ν τ τ, (90) 
In addition, we have, by (78) and (78a), the equation of continuity : 
ΞΡ + pdivw= = + div (px) =o. (gt) 

If then the relation between the pressure and the density 
δίρ, 2)", (92) 


* As distinguished from the so-called Lagrangian form, which will be omitted 
here, and in which @,, @, ay, ¢ are the independent variables. 
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characteristic of the fluid considered, be given, we have three 
equations; one vectorial and two scalar, for one vector v and for 
the two scalars 2, p. Thus, the initial data Vo, Pp and the corre- 
sponding fo, together with eventual data for the bounding surfaces 
will completely determine the course of phenomena in time; the 
forces F being always considered as given for every point and for 
all times. 

It may be observed here that, in the more general case, the 
relation between density and pressure may contain also the tem- 
perature ; in this case, of course, the above equations do not 
constitute by themselves a complete system. But we shall suppose 
that the relation (92) contains ~, p only (with a single exception 
to be considered later, in a section on vortex motion). 

, If the fluid be, in particular, an incompressible liquid, we have 
simply, as a special case of (92), p=cons?. and, consequently, 
divvy=o, But in general we shall admit compressibility. 

The free surface forming the boundary (or a part of the boundary) 
of the fluid in motion, if it exists, is easily shown to be composed 
always of the same material particles; hence, if its equation be 
J=0, we have 

af 


at 
or, by what has been explained previously, 


ὃ 
Ps Wf=o. 


In all the points of a rigid, fixed wall, bounding the fluid, com- 
pletely or partially, the velocity v is tangent to the wall, so that 


v=o, 


nm being the (say, unit) vector normal to the wall. 

If a rigid body, being immersed in the fluid, moves about in 

it, then, at any point of its surface, wn is equal to the normal 

component of the velocity of the rigid body at the given point. 
The differential equation to a line of δον, fe. a line having 

at every point the direction of v, will be, in vector form, | 


ds = ἀν ds, 


where @s is any element of the line, regarded as a vector, and 
A a scalar. 
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The differential equation of a stream πὸ or of the path of an 
individual particle is simply 


oh 


where r is to be considered as an unknown function of the time. 
The stream lines coincide with the lines of fow when and only 
when the motion of the fluid is steady, or locally invariable, fe. 
if Gvy/Of¢=o. But in the general case they must be carefully 
distinguished. 
The vortex velocity (‘molecular rotation’) will be denoted, as 
before, by w; thus 
w=4curlv. 
Whence the equation of a vortex line (having everywhere the direction 
of the vector w), , 
: ds = Aw ds, 
the meaning of the symbols being as above. A tubular portion of 
the fluid bounded by a surface generated by vortex lines is called 
a vortex tube (Fig. 45), and in particular, if it be of infinitesimal 


Fic. 45. Fic. 46. 


section, a vortex filament. The product of the cross section into 
the vortex velocity, taken scalarly, is called the moment or the 
strength of a vortex filament... Any vortex tube may be decomposed 
(mentally) into filaments,.and thus its moment will be the sum, 
or the integral, of the elementary moments of all filaments. 
Since VVVv=0 

or div curl v=o, 

identically, we have divw=o, and consequently, for any closed 
surface σ΄ 
wn dr = 0, 

n being the surface-normal. Applying this to a portion of a 
vortex tube contained between two cross sections σὺν σῳ (Fig. 46), 
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and remembering that on the lateral surface of the tube Wl=o0, 
it is at once seen that 


the moment of a vortex tube is the same throughout tts length 
(2.6. 2,0, = gry). 


This is a purely kinematical property. The invariability of the 
moment of a vortex in time will be seen, later on, to follow from 
the dynamical equations. 

It is often useful to consider the line-integral of the velocity τ 
along a curve s drawn in the fluid; if this curve be a closed one, 
or a cirenit, the line-integral, say ἢ 


7-} vids, 
tr) 


is called the cireulation round the curve, By τὲ we shall denote, 


later on, the time rate of change of the circulation round a circuit 
composed always of the same particles of fluid, in agreement with 
what was said before (Chap. V.) in regard to the meaning of the 


| αἱ 
symbol a 


It will be useful to recall here the Theorem of Stokes (see 
Chapter 1.}, according to which 


7-} Vas=|ncurlv. dr τε 2 dv, (XVI11.) 
ts) 


¢ being any surface limited by the circuit s. Remember that for 
a person looking along the direction of the surface-normal n the 
positive way of integration round s is clockwise. 
From (Xvill.) we see at once that the circulation 7 round all 
circuits embracing a vortex tube onge only, say in the positive 
sense, Aas one and the same value, namely equal to twice the 


surface-integral [we do, {.ε. to twice the moment of the vortex tube. 


For a circuit embracing a vortex tube JV times, we have 
J=2Nx moment of vortex tube, 


since such a circuit may be substituted by /V circuits, every one 
of which embraces the vortex tube once only. The case of a circuit 
s embracing a vortex ring twice and the splitting of s into two simple 
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circuits, 5, 5, is shown on Fig. 47. This splitting or pednction 
of s is accomplished by introducing an auxiliary path, such as 4B; 


FiG. 47. 


and the equivalence of the two simple circuits to the given circuit s 
(as regards the value of the circulation) is seen at once by noticing 
that [vas [vas is. nil 

All "these necipieition are, of course, quite independent of the 
dynantics of the fluid. } 

"Hating now stated these properties, let us return to the hydro- 
dynamical equation (90). Denoting the components of any vector 
along i, j, k by the indices 1, 2 3, we obtain easily 

(vV)v=i(vV)v,+i(vV)¥_+ k(vV) Vv, 
=i{o, Via, +00-V ye, +24. Vy} +5{..-} ἘΚ{...} 


= ἐν (Π) +o(Ve0, — Ve) τυ (Ὁ - v0) +... 


=i {v,(5) +2 (wg, - we,)} ΤῊ, ἀφίει. 
i.¢. identically, for any vector Vv: 
(vV) v= v(2) +2Vwy, (XIX.) 


where w=} curlv. | | 
Using this formula of transformation we may write, instead of (90), 


—s 


Of 
Henceforth we shall suppose that the impressed forces have a 
scalar potential (not necessarily single-valued), te. that 
= -- νῷ, 


ὃν : τ᾿ Ἧ ] ἋΣ Ι 
+3V(o%) +2Vwv =F -= Vp. (a) 
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and also that the density p is given as a function of the pressure 2 
atone. Under these assumptions 


F-~V=VO, 
where Q is a scalar, namely 
dp 
= - ὦ... τ 
¢ p 


and, in particular, for an incompressible fluid, Q= -- ᾧ -- 2. 
The differential equation of fluid motion will then become 


ae *=VO, (93) 
OF, DY (@), 
3 + 2Vwv=V(Q— 32"). (932) 


Thus, under the stated conditions, ‘he acceleration dv/dt=d/dt® 
has a scalar potential Q, so that the curl of dv/d¢ is permanently 
equal to zero, 

Conservation of Energy. 

Let us consider an individual portion + of the fluid, mentally 
separated from the whole mass of fluid and bounded by the surface 
σ, If /f=o be the equation to this surface, we have 

dfjdt = Yot+vVf=o, 
since o itself, equally with the whole portion τ, consists always of 
the same fluid particles. 

The kinetic energy of this portion of fluid is 


buy | vp dr, 
and since - (ρ dr) τε ο, the change of Z, per unit time, will be 
aL f[ ay 
᾿ a pv εἶτ, 
ἡ, ἐ.,) by (90), 2 
aa ρνε τ -- [rvs εἶτ. 
Now, the first integral on the right side is the work done per unit 


time on the portion of fluid under consideration by the impressed 
forces FP ; let us denote it by W. Again, as to the second integral, 
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we have vV=div (vf) —/divv, whence, denoting by n the normal 
of σ directed fowards τ, 


- [ove ar= [pwn dir + |p divv. cr 


= |poade+|p-F (ar), by (τ᾽): 


hence, finally, 
w+ | pen do ἢ (dr), (94) 


which equation may be read thus: 

The work of the impressed forces, A/us the work of the pressure 
exerted on the surface σ΄, is equal to the increment of kinetic energy, 
pilus the work absorbed by the fluid on its being condensed,—every- 
thing per unit time. 

The last term in this equation of energy, #.e. the term corre- 
sponding to the ‘energy of deformation’ of the elements of fluid, 
may also be written, for every element, 

-pdivv.dr=p xe at. 
ἐμ 
Since the density p depends only on the pressure ὁ, we have 
» dlogp__@ 


where 


Hence 


and since 4 (pdr) =0, we may write, finally, 


ad 
WY + [vn dr = Ζ; (Z+ 7) (94a) 
where 
U = |up ar. 


Thus £+ JU plays the part of fle fotal energy of the fluid mass 
considered, Z being its kinetic energy and V its ‘energy of deforma- 
tion’; the last named energy per unit mass is 


“τ ας (95) 
«= 1/p being the specific volume of the fluid. 
VM. K 


146 VECTORIAL MECHANICS 


Thus, the work of impressed forces together with the work of the 
pressure exerted on the surface o is equal to the increment of total 
energy of the fluid bounded by this surface. 

Before drawing special conclusions from the differential hydro- 
dynainical equations, we shall give here, in vector form, their trans- 
formation, due to Clebsch, which is, for more than one reason, 
remarkable. 


Clebsch’s Transformation. 


A vector, or rather a vector-field, of any distribution in space, and 
consequently the above velocity v, may be put into the form 
v=VP+AVy, (96) 
φ, ἃ, ¥ being three, in the general case mutually independent, scalar 
functions of position and time. In hydrodynamics this form was 
used by Clebsch (1856-58), in order to effect the corresponding 
transformation of the differential equations of motion.* Clebsch, 
of course, made use of scalar language. 
Writing curl=VV and remembering that VV.Vyz or curl V¥ 
vanishes, identically, we get immediately from (96) the vortex vector 
τε curlv, namely 
w=1VVA. τ, | (97) 
which is the vector equivalent of the three scalar formulae of 


Clebsch, εὖ] Ξε ὦ (= oF A. ) ete, 


Since the vectors VA, Vy are normal to the surfaces A=const., 
y=const., respectively, the vector w is tangent to both surfaces, so 
that by (97) we see almost immediately that , 


the vortex lines are the intersections of the surfaces 
A=const., Y=const. 

If, in particular, these surfaces coincide with one another, fe. if Ψ 

is a function of A only, we have, by (97), 
W=0, 

Hence, if Ψ is a function of A only, the motion ts irrotational, and 
(as is easily seen) wice versa. 

Now, since in the ia case the fluid motion may be rotational, 
we shall consider A, ¥ as mutually ¢vdeperdent functions (of position 


ΠΑ For the literature of this subject see A, B. Basset’s 7 realise on Hydrodynamics, 
Cambridge, 1888, Vol. I. p. 28. 
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and time), The third function ¢ is also, in the general case, 
independent of the first two. 
It may be observed in passing that, by (96) and (97), 
=1V¢. VVA. VY, (98) 

or vw=2 volume of the parallelopiped constructed on the vectors 
τῷ, VA, νύ as edges; whence it is easily seen that the lines of flow 
constitute an orthogonal network with the vortex lines when and only 
when the surfaces ¢=const., A=const. and Y¥=const. have common 
lines of intersection, or, in other words, when the vortex lines lie 
wholly on the surfaces ¢= const. 

In erder to introduce Clebsch’s functions in the equation of 
motion (93) or (932), let us take the vector product of (96) and (97). 


We have 
—2Vwv=VvVVA. Vu 


=(vVy)VA—(¥VA)VY, by (Ix.); 
using this and (96), the equation (93a) becomes 
¥(Q~ 40") bis nS) 4 vy 
| + (rare er 
, oy de 


of ai 
Ultimately, then, the differential equation of fluid-motion is 
ει νύ- ΞΕ VA+VH=o, (930) 
where the scalar /7 is given by 
= a +a oy 7 tiv - Ὁ, (99) 


Multiplying scalarly by w and hades: that, by (97), wWVY =o, 
wVA=o, we get, from (020), 
w\ //=0 
or A’=const. along any vortex dine. And since such a line is an 
intersection of a surface A=const. with a surface Y=const., we 
have, in the first place, 


Han + tot - ὧς H(A, ψΨ, 2). 


But then it may be proved also that /7 depends neither on A nor 
on Ψ, and is, consequently, a function of # alone. 
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To see this, take the cur/ of (934); then 
νν( τ a): Vy νυ( τ “1. Pine: 
hence, multiplying by VA or by νύ, scalarly, and using (97), 
Ww =o, wv (a) 
From this point we may repeat mes the reasoning of Basset 
(doc. cit.) :— 
A vortex line, as we know already, lies on a surface 
A=A=const.; 
but by (4) this line is contained at the same time in the surface © 


now, this is possible only if S =o; similarly we shall have o ο, 


Thus, (934) reduces to 
VH=0, (93¢) 
so that the function “7 kas everywhere one und the same value, which 
can vary only with the time ; in other terms, we have what is called a 
Jirst integral of the differential equation of motion, 


Ha L414 ει. Q= Hd). (100) 
At the same time we see, from the equations 
oy re 
Ὁ eo 


that any surface AX=const, or Y=const. is composed always of the 
same particles of fluid; hence, the same thing is true for any 
vortex /ine, since it is the intersection of a pair of such surfaces. 
Thus is proved one of Helmholtz’s celebrated theorems, according 
to which aay vortex line is composed always of the same particles. 
(To this subject we shall return.). 

It must be remembered that the above deductions are based 
on the assumption that the density is a function of the pressure 
only and that the impressed forces have a (scalar) potential. 


Pluid in Equilibrium. 


ΤΟ obtain the necessary and sufficient condition for the equilibrium 
of a fluid, it is enough to assume simply that the initial velocity 
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¥, vanishes throughout the fluid and that for all times and for 
all particles dv/df=o. 
Then the general equation of hydrodynamics, (90), gives 


I 3 
=3¥0. (101) 
If the pressure is a function of the density only, then, putting 
-β 
μ ἘΔ 
we ive F=V1; (1014@) 


hence, equilibrium is possible only if the impressed forces F have 
a (scalar) potential; and since 2, p are single-valued functions of 
space, this potential must also be sing/e-va/ued. 
Also, by (93), putting dv/df=o, 
: VQ=09, 

whence Q@=const. in the whole space occupied by the fluid, which 
result coincides precisely with (τοτα), since with F=-—V® the 
meaning of Q was 


Q=-o- \?--#- ΞΕ τ 


Neglecting an irrelevant additive constant, we may write 
Φ- —II, 
and as Il depends only on 2, the surfaces of constant potential 
of impressed forces coincide with those of constant pressure, which 
are also surfaces of constant density. 
In the absence of all impressed forces, other than pressures 
exerted on the bounding surface, we have, by (r1o1a), 
Vu=o 
or Il=const., and consequently 
p=const, 
Zé. a pressure uniform throughout the fluid and equal to that 
exerted on its surface (Pascal's Law). 
If p be not a function of p only, we must return to the more 
general equation (101), which gives 
pF = Vp, 
whence, by curling, 
pou P+i (Ase Age BY +5 (...) +i (...)=0, 


7.6. pcurl -- VFPVp=o. 
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Multiplying scalarly by F, we have 
FP curl F=o. (102) 
Thus, in the more general case of equilibrium, in which 9 is not 
a function of p only, the impressed forces may have no potential ; 
but this being the case, the equilibrium of the fluid is possible 
only if the ‘vortex’ of the impressed force-field, fe. curl FP, is 
everywhere zorma/ to the force F itself. 
The reader will observe that (102) is but the vectorial form 
of the well-known condition, 
(2h, _2F;) | (2% ΒΔ, (Oh 2h) _ 
AG τα)" Aa ae) +E -B)- 
necessary and sufficient in order that 
Ldx + Fydy + Feds 


should have an integrating factor, which in our case is the density. 


Trrotational Motion. 

Returning again from rest to motion, let us consider in the first 
place irrotational motion, ze. motion free from vortices. 

We shall still limit ourselves to the case in which the impressed 
forces have a (scalar) potential and in which the density is a 
function of the pressure alone. Then (93), or (93a), holds; hence, 
assuming ι 

Ἢ -- ὁ συτὶν -- ο, (103) 
so that v can be derived from a scalar potential ᾧ, called the 
velocity potential, ¢.e. 

v=V4, (104) 
we shall have, by (93a), 


Ὁ r 
. ay VP = V(Q- 30"). 


But the operators: τὸ and V are commutative; hence 


ν( 5, ἐγ - 0) =o, 
where v= (V¢)*. 7 
Thus, the scalar expression in the parenthesis has a constant 
value, #.¢. constant in space but not necessarily in time; but since 
an arbitrary (additive) function of the time alone is implied 


1 
i 
| 
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already in the velocity potential,* we may simply, without impairing 
the generality, omit that ‘constant,’ and thus write 


#+he%-Q=0 (105) 
or | ΩΣ 4(V$)? ἘΠῚ ἘΦ Ξ- ο. (1054) 


The reader will observe that this frst integral of the equation 
of motion, in the case of irrotationality, would also follow immediately 
from the more general integral of Clebsch, (99) ; for, in the absence 
of vortices, A is a function of ¥ alone, so that puttmg 

[Aav=d 
we have ov Oe" 

a= ay | 
thus, to get (105) from (99), we have only to incorporate ¢ into 
the velocity potential ¢. ὟΝ 

The equation of continuity becomes, by introducing the velocity- 
potential, according to (104), 


oe + div (pV¢) =P + pvp =0 (106) 

or Vib + ade Cao (106a) 
For an incompressible fluid (liquid) this becomes 

Vip =0, (107) 


which is the well-known equation of Laplace. | 
If the (irrotational) motion be séeady, (105) reduces to 
4o* + IL + =const., (108) 
where ‘const.’ ἐς constant in space and in time. i es 
For an incompressible fluid or, shortly, for a guid, under the 
action of gravity alone, 
si Il=p/p, } = gh, 
where & is the height above some level chosen conventionally, as 
a reference level, and g the terrestrial acceleration. Hence, by 
(108), for any two levels 4,, 4, where the resultant velocities 
are Τὺ, VW) and the pressures 21. 29. να δ ορ νον 
| Peas υ _ Pe Us (108a) 
n+ ne ag ΔῈ pet og 
* For, putting ¢+/(¢) instead of ¢, we have still 
v=Ve+VF(9=Veto, as in (104). 
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This property is known commonly under the name of Bernoulli's 
Theorem. 

We shall see, later on, that the expression 

jo" ὦ 

has a constant value for any (not necessarily irrotational) steady 
motion, but constant only a/ong any given line of flow and generally 
not throughout the whole mass of fluid. ‘Bernoulli’s Theorem’ 
properly refers to ¢#is somewhat more general property. 

Putting ,=/, and v,=0, which satisfies the conditions for a 
liquid issuing through a small aperture from a large vessel (Fig. 48), 


Fic. 48. 


we have, by (108a), 
1" = 2¢(h, — Ay), 
where τη is the velocity of issue and 4,—h, the depth of the 
aperture below the free level (Torricelit’s Law). 
For compressible fiuids, the equation 


V°6= div v= ~ 080, 
as has been remarked, gives 
ee Ea _ I [1é@logp 
φ ae) paivvar=4[! dr, (109) 


dt 
r being the distance of a volume-clement dr from the point for 
which the value of ᾧ is to be found. This formula may be 
interpreted by saying: that every element dr in which the fluid 
density is changing contributes to the velocity-potential the ele- 
mentary amount 
dr dlog pt 
qn dt ν᾽ 
and consequently to the velocity v the elementary vector quantity 
a “bey (2) 
47 at r 
which is radial and inversely proportional to the square of distance. 
“Here r/r is a radial unit vector, directed from dr to the place at which 
the value ᾧ holds. 


5 a = 


¥ 
=’ Ὁ 


- 
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Multiplying by p we see from the above that an element dr 
behaves as a source, or sink, of productivity proportional to oP ar, 


acting isotropically, é.e. emitting fluid isotropically during its dilata- 
tion, and absorbing fluid during its compression. 

It is scarcely necessary to point out that such a splitting of the 
expression (109) into elementary summands is wholly artificial 
and that the corresponding ‘inverse square law’ is not at all 
characteristic of fluid motion. Any irrotational vector-field might 
be as well represented in exactly the same way. 

It has already been remarked that the velocity-potential may be 
either a single-valued or a many-valued function of position in space. 

If the fluid, in irrotational motion, occupies a simply connected 
or acyelic region τὶ then ¢ is certainly a sing/e-va/wed function. 
By the definition of the velocity-potential, 


9- as, 


where the integral is to be taken along a certain line s joining the 
conventionally chosen ‘initial’ point with the point where the 
value of ᾧ under consideration holds. Now, in the case considered 
it is always possible to draw through any closed line (s), situated 
wholly in the region +, a continuous surface σ, which itself also 
does not pass outside the boundary of this region; consequently, 
by Stokes’ Theorem, 


75} vVas= 2| wa dr =o. 
(s) 


For, at every point of the surface 0, w=4curl v=o, by hypothesis. 

Let O be the ‘initial’ point, ze. the point from which we start 
with the value =o, and let P be any other point of the region τ. 
Any pair of paths OAP, OBP in τ, leading from O to P may 
be composed to form a closed curve or a circuit OAPBO, which 
also does not pass outside the boundary of the region τ (Fig. 49). 
Η a a 
— ©=Lo4en0 = Loar + Lpn0 ; 
but Jes0= —Joap; consequently 

Loar = Loar; 

so that independently of the path chosen we arrive at the point 
# with the same value of ¢, provided’ only that none of the paths 
pass outside the boundary of the region. In other words, the 
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velocity-potential is, in the case of an acyclic region, a single- 
valued function. Q.E.D. 

On the other hand, if the irrotationally moving fluid occupies a 
cyclic region, as for instance the core of an anchor-ring (doubly- 
connected region), the above surface σ᾿ may be drawn only through 


Fic. 49. 


some but not through every possible closed path s contained in the 
region, so that in this case we shall have generally 


| ¥ as + 0, 
(a) 


fe. a circulation generally differing from zero, and hence also, 
generally, 
Loar ¥ Lonp- 


Thus, the velocity-potential ¢ will for such a region be generally a 
many-valued or ‘polyoye ic’ function. 

An (”+1)-ply connected region contains # essentially different, or 
mutually independent, cycles, i.e. closed paths which cannot by con- 
tinuous deformation without leaving the region be reduced either 
to a point or into each other. Call these cycles 5), sy, ...5,. 
Through norie of these is it possible to draw a surface o of the 
above description. Hence, the integral | vds or the circulation, 

tn 
notwithstanding the irrotationality of motion, may de different from 
sero for each of these cycles. Let the arcu/ation round 5, sy, ... 5, 
be denoted by .ἢ, 72, ... 7,, respectively, i.e. 


| VdB=i,s t=I, 2, ... My 
(a) ; 

and let us again start from the initial point O with the value ¢=o; 
by following a certain path OAP we shall arrive at the point P with 
some determinate value of the potential, ¢=¢,, where the index , 
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indicates the path taken. Now, if we had chosen, instead of OA/, 
any other path OBP, we should arrive at P with a value of potential 
in general different from @,, namely with the value 


in 


b= bit Sim (110) 


where #1, mo, ... #, are integers, positive or negative, indicating the 
number of, positive or negative, cycles s,, 5, --.s, (respectively), 
into which the entire circuit OBPAO may be decomposed. If 
this circuit can be contracted to a point, by continuous defor- 
mation, without passing out of the region in consideration, then 
Mt,, My, .-.m, all vanish, and b=b,=o,. But if OBPAO cannot 
be contracted in this way but is reducible, for instance, to a single 
cycle s, taken in the fos#ive sense and to the cycle s, repeated three 
times in the πέρα σε sense, then 
MSI, My Mg + KOS 
so that 
b=, +7, πῆ. 

In the general case m,, mt), ... m, may be any mutually independent 
integers. 

To close this rapid survey of the properties of irrotational motion 
we shall further observe here that an incompressible fluid (shortly 
called a /iguid) filling the acyeéic interior of a rigtd shell cannot have 
any irrotational motion relative to the shell. — 

For, in absence of sources and sinks, that is to say, if the equation 


Vb=0o 
is satisfied throughout the liquid, without any singularities, we have, 
by Green’s Theorem (see ‘ Appendix’), 

[eter = [(w#)%er= - [ova dir — [ove dz 

ΤῊ [vad | 
the unit vector n denoting the normal to the shell ¢ drawn inwards. 
But, by the assumption, the shell is rigid, #e. vn=o0; hence 

| [tar =0, 

and v=o everywhere. Q.E.D. 


Thus an (incompressible) liquid filling the interior of such a 
shell can only be in motion if it contains one or more vortices. 
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But in a cyclic region, such as the interior of a rigid ring-shaped 
tube, the liquid may move irrotationally (assuming always the 
absence of sources and sinks). For in this case the theorem of 
Green, ‘as stated above, no longer holds, since ᾧ is in general 
many-valued ; and certain supplementary terms are required, viz. 
integrals of #wn extending over both sides of each barrier or 
‘diaphragm’ necessary, and sufficient, to convert the multiply- 
connected into a simply-connected region. The reader will find 
a fuller account of this subject in Vol. 1. of Basset’s Aydrodynamics, 
and in Vol. I. of Maxwell’s 7reatise on Electricity and Magnetism. 
For the purposes of this book the above remarks on irrotational 
motion will suffice. 


PROPERTIES OF VORTEX MOTION. 

Any motion of a fluid may be represented as a superposition 
of purely ivrofational motion characterised by 

curlv=o; .. v=Vq, but divv<o, 
and of solenoidal vortex-motion, for which curly #o, but 
div v=o, and consequently v= curl B. 

For the first kind of motion a sca/ar potential (#) exists every- 
where, for the second kind such a potential exists only outside 
the vortices, whereas the vecfor potential (B) exists everywhere. 

Hence, in the general case, to be considered in this section, 
we may put | 
v=V¢+curlB (111) 
with the supplementary condition for the auxiliary vector 8, which 
it is always possible to satisfy, 

div B=o. (112) 

It follows for the vortex velocity, by (111), 

w= curlvy=}curl?B=}V divB-3V°B, iz, by (112), 


VB= - 2W, (1 13) 

the solution of which is, as has already been remarked, 
1 ft | 
B= | twar; (114) 


the integration extends through all the elements ὅτ of the vortices, 
and 7 denotes the distance of such an element τ΄ from the point 
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in which the vector potential B holds. It may be easily shown 
that (114) satisfies not only the differential equation (113) but also 
the supplementary condition (112). The vector potential B is 
thus completely determined by the vortices alone. 
As to the scalar potential ¢, we have, by (11T), 
div v= div Vo= 3 φ, 

since div curl B=o, identically. Hence, as before, by the equation 
of continuity, — 


ν3φ- - ge Ρ (106 dts) 
and = : ‘tans, (τοῦ ὁ 5) 
᾿ τ r at | 


This potential and the corresponding velocity have already been 
interpreted, in the section on irrotational motion. 

Thus it will suffice to say a few words only in regard to the 
second part of the velocity, viz. that associated with the existence 


of vortices, 3 = 
= curl B. 


If the fluid is incompressible, the w/e/e velocity is reduced to 
this. Now, by (114), 


=o | curt (5) ἀν 
2π γ 
where, on curling, w is to be considered a constant vector, while 
ry is variable, being the distance of dr from that point /, for which 
v has to be calculated. Thus, denoting by 1, a ws? vector pointing 
from τ towards /, it follows that 


curl (=) = vv(- w) =- As ΝΥΝ Ξ Zs Vwr, ; 
r r “iad * 


hence 
= 2 | ἄνντιαν (115) 
oT 


Taking as the volume element dr a portion of a vortex filament 

of cross section ἐσ and of length ds, fe. putting dr=do.ds or 
wdr=w de .ds=p ds, 

and remembering that the moment μι Ξε τὸ de is constant along the 

whole vortex filament, we may write (115) in a slightly different 

form : 


v=- ee | πεν τά, (1156) 
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where the integral is to be extended along a yortex filament and 
the sum = is to be taken over all such filaments. Splitting this 
expression, artificially, we may say that each element @s of a vortex 
filament ‘produces’ round itself or, rather, is associated with, the 
elementary velocity 


Hive, 
on te 


#.e. with a velocity normal to the plane r, ds, inversely proportional 
to the square of the distance from the element, directly proportional 
to the length and to the moment of the element and, finally, 
proportional to the size of the angle ds, r. | 

If w represented the electric current (per unit area) and v the 
corresponding magnetic force, the above term would be the 
expression of the well-known /aw of Biot-Savart. 

The above formulae are not especially characteristic of the motion 
of a fluid or liquid nor of the electromagnetic field, but belong 
generally to any solenoidal vector-field regarded as dependent on 
its vortices. 

Finally, it may be remarked here that oufside the vortices there 
exists a scalar velocity-potential which, of course, is a many-valued 
function, also when the wdo/e region + occupied by the fluid is 
acyclic. If this region contains » vortices, say ” vortex rings of 
moments μὴ, μα»... μων then, after having excluded these vortices, 
we obtain a cyclic, viz. (#+1)-ply connected region 7 (Fig. 50) : 


it is in this region τ΄ that the scalar potential of velocity exists; 
its form will be given by (rio), where ἢ, J,,.../, are to be 
replaced by the double moments 2p,, 2, ... 2,, respectively, 
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Kinetic Energy. 

Taking into account the purely solenoidal part of the motion 
alone or, what will amount to the same thing, supposing that the 
fluid is incompressible, & will disappear from (111), and what remains 
is v=curlB, so that the expression of the kinetic energy will be 


L=tp|v curl B. dr. 


But for any two vectors, as v and B, we have identically 
(Chap. I.) 
vcurl B- Bcurl v= div VBv. (Xx.) 
Hence, denoting by n the outward normal of the bounding 
surface a, | 
die io |B curlydr4 te [div VBv dr 


=p | Bw adr +p |n VBv de 


or L=p| Bwar+p| BVwndo, 


If the fluid has no velocity at the bounding surface o, the surface- 
integral vanishes. It vanishes also if the fluid occupies the whole 
space, provided that all vortices, being of finite moments, are 
assembled in a finite portion of space. For, in’ this case, denoting 
by v the distance from any point chosen in this portion of space, 
and considering 7 to increase indefinitely, 


B will diminish as = and vas, 


hence 


1 

by» nays 

and since the area of the surface «, which may be assumed to be 

a spherical surface of radius 7, increases only as 7*, the above 

surface-integral will diminish as 1/7, and will vanish for r=. 
Thus, the expression for the kinetic energy will reduce to 


L=p| Bud, (116) 


as if the seats of energy were only the rotating elements of the 
liquid, containing per unit volume the amount pBw of this kind 
of energy. 
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Substituting the value for B from (114), we may write also 
2- LO ae ar, (117) 
2} 7 


where y is the mutual distance of the elements dz, dr’, of which 
the vortex velocities are w, w’ (see Fig. 51). 


w’ 
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Steady Motion, Bernoulli’s Theorem. 


As before, let us assume that the impressed forces have a 
potential and that p depends on / only. Then the differentia’ 
equation (934) holds. Hence, if the motion be steady, ie. if 
ov/o¢=0, we have 

Vwv=4V(Q - iv"). (118) 


At the same time 


0 
so that -the equation of continuity (91) becomes 
div (pv) =o. (119) 
The lines of flow, in the present case, are immovable and coincide 
therefore with the stream-lines or with the paths of the fluid 
particles. 
Multiply (118) scalarly by v; then 
WV(Q— 4z*)=0; 
thus, the expression $2°- Q, re. 


t+ o+( 4 (120) 


is constant along any line of flow; but for different lines of 
flow the value of this constant may be different, It is precisely 
the above property which is called Bernoulli's Theorem. It is 
true for any steady motion, rotational or irrotational. 
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In particular, for irrofational steady motion, 6, for w=o0, we 
have directly from (118) 

V(Q = bv") =, 
whence λυ" — O =const., 
the value of the ‘const.’ being this time one and the same throughout 
the féuid, See also (108), remembering that TI= | τ 
Moreover, by (118), for any steady motion, 
wV(C- 42") =0, 
so that the expression (120) ἐς also constant along any vortex line, 
(See also ‘ Cledsch’s Transformation,’ Pp. 147.) 
Combining both the above results obtained from (118), we 
may say that 
40" + Ὁ + I =const. 

is the equation of a surface composed of the double system of 

vortex lines and of lines of flow. 

In each case of steady motion, the whole region filled with fluid 
may be divided by means of such surfaces into indefinitely thin 
sheets. 

Sir William Thomson's Theorem. 
Lhe circulation round any closed fluid filament, i.e. round any 
circuit composed always of the same particles, ts invariable in 
dime, | 


This theorem is true under the condition that the impressed 
forces have a single-valued potential and that p is a function of 
+ alone, so that 


7 =VO, (93) 


Q being a single-valued scalar function, as explained above. 
To prove this theorem, let 7 be the circulation, iz, 


i =| Vids; 
ix) 
chen 
tf (Saar 
a s\a\ar i) 
vhere 1=ds is a line-element consisting always of the same particles 

v.M. L 
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of fluid. Now,-applying the formula (75) given above, in the 
general theory of deformation, we have 


vO aviv) v=$ av) e=3 9 as 
and, by (93), . 
Wie =WQ= as: 
hence 


δ =| δι 0.30) ds, 


and since the path pal which the integral is taken is closed, 
and Q and 2° are single-valuwed functions of position, 

— =O ‘ (121. 
which proves the proposition. 

If then for a given instant of time /=o for every circuit, 
then / will remain =o ‘for alltimes. In other terms: a motion 
of the fluid once irrotational remains so for ever, or as long as 
the assumed conditions continue to hold. 

The above theorem of Thomson is closely connected with the 
theorems of Helmholtz, to which we shall pass in the next section. 
But it must be remarked that the order of presentation here 
followed is just the inverse of the chronological order, Thomson 
having written ten years after Helmholtz.* 

If the condition p=function of 2. only is satisfied, but if the 
potential of the impressed forces is a many-valued function or if 
these forces F have no potential at all, the circulation round an 
individual circuit will, in general, be wvariad/e in time. For, in 
this case, 

af _ 
dé Πω 
Still more generally we shall have, by (go), 


al SRS 

-Ξ τε F--V ) 122 

7~|,,(F-2%) a (122) 
where also the second part of the integral may differ from zero 
if p be not a function of 7 alone. 


P ds. 


*H. Helmholtz, “ Ueber Integrale der hydrodyn. Gleichungen, welche den 
Wirbelbewegungen entsprechen,” Cre/le’s Journal, Vol. 55; 1858. Sir W 
Thomson, ** On Vortex Motion,” 7rams. Noy. Soc. Edind., Vol. 25; 1868. 
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Helmholtz’s Theorems. 
Let us again assume that the impressed forces have a potential 
and that the density is a function of the pressure alone. 
Then the equation (93%), 
ov 
Of 


holds. By curling both sides, and remembering that w=4 curl v, 


+2Vwv=T(Q — 42), 


Ow a 
ἜΣ t+ curl Vw =o. 


Now, for avy pair of vectors v, Ww, 
curl Vwv = w div v +(vV) w —vdiv w—(wV) v. (XX1.) 
In the present case w= Κᾧ curl v, and consequently divw=o: hence 
o= + (wT) w+ wdivy (wV)¥_ 
ase Ἐν div v —(wV) v, 
or, by the equation of continuity, (91), 


aw -=¢- 
ὩΣ ΟΥ, 


which may, finally, be 
dre : 
4(1)- ον). (123) 

The truth of the celebrated theorems of Helmholtz may easily 
be seen to follow from this equation, which is the vector equivalent 
of Helmholtz’s three scalar equations. 

In fact, let 1 be, in direction and length, an element of a cortex 
Jilament, of infinitesimal cross section τσ, Denoting by ε an 
infinitesimal scalar, we may write 

l= ew, 
and, by the general formula (75), 


2h = τσ; 
hence, by (123), 

2(2\ 5.5: 

mA Os oe 
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Let the moment of the vortex filament be p, ἀξ. p=ow. The 
mass ¢ of the element, ¢=p/c, is constant in time, and since e=//m, 
we may write 

pe = pllw = claw = εἰμ, 


d/(w\ pal 
2.2)" Σ (2) 

But w/p=wl//p=wo .1e=pl/e, identically. Hence, multiplying 
both sides of (a) by the constant mass <¢, 


bi 
a= Oa 


and consequently 


whence, finally : 
dp. | 
at = 0, (1 24) 


The moment of a vortex filament is invariable in time* 
By (124), equation (a2) may now be written 


5 (1-£w)=0 
adt\ μρ 


d 
or 7t-)=0; 


but, for a given instant of time ¢ we had 1= ew; hence, for αὐ Himes : 
l=ew, that is to say: if the element 1, which consists always of 
the same particles, has been an element of a vortex line at one 
instant only, then it will be so at any other instant of time, In 
other words : 5) 


ὐενν vortex line and, consequently, also every vortex tube 
consists always of the same particles of fluid. : 


Particles that do not rotate at a given instant have never been 
rotating and never will rotate, as long, of course, as the conditions 
stated above hold. 

These are the theorems of Helmholtz, which express the in- 
destructiouiity and the uncreatabiiity of vortices, in a non:viscous 
fluid which is acted on solely by conservative forces, and of which 
the density is a function of the pressure alone. 


- *That » is also constant along the whole vortex filament has been proved 
already, quite independently of any dynamical properties. 
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The second of the above (italicised) theorems has, also, been 
proved already, in the section on Clebsch’s ‘Transformation. 

Moreover, the invariability of the moment of a vortex follows 
very directly from the constancy of circulation 7.5 vds; for, 


taking the circuit s, composed always of the same particles, on 
the surface of a given vortex tube of moment μ, and so that the 
circuit embraces the tube once only (in the positive sense), 
we have J=2; so that the equation (121), =o, assumes at 
once the required form 


- = 0. 


dt 
Again, without impairing the equation 7=2y, we may take the 
circuit s large at random, provided only that it does not embrace 
any other vortex tubes but the one in question. Hence: 
{fa closed fluid filament embraces at a given instant some vortex 
tube, tt will embrace this tube for ever. 


Also the number of times that the vortex tube is embraced by 
the circuit does not change in time; for, if it is m (positive or 
negative), then J=2mp, and since both / and p are invariable, 
m too is invariable. 

Creation of Vortices along the Intersections of Surfaces of 

Constant Density and Constant Pressure. 

Helmholtz’s theorems do not hold if the impressed forces have 
no potential or if p is no longer a function of / alone. 

Instead of (93@) we have then the more general equation, 


ov I. 
Get VOWS ——Vp- 40 (0%); 
and, consequently, instead of (123), 
ad (w , I 
e7(=) =(wV)v + 4curl P -}curl (vp). | 
But, as we saw, when treating of Clebsch’s Transformation, 
I. ie ΤᾺ = Tun. 
curl (vp) τ wv (=) .Vp= -2,VVp.Vp. 
Hence, as a generalisation of (123), 


ps (=) (WY )v =} curl P+ VVp. VA (125) 
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If we were to suppose again that p is a function of 2. alone, the 
last term would vanish; hence, when a given particle of the fluid 
does not rotate at the instant 4, then for tus instant 


iw 4 i. 
“τ ΠῈ: 


thus, the particle τοῦ, begin ἰρ rotate, namely round an axis which 
initially (fe. for ἐπ ) will coincide in direction with the vortex 
of the force F, #e. with the vector curlF. Also the moment μ of 
fluid vortices already existing will generally vary with time. 

From the last equation we see also that if the motion ts to be 
irratational, te. 4 we require that w=o fermanent/y, we must 
have curl P=o. 

But let us suppose that “le forces F have a potential, and that 
p is not a function of p alone. Tt may, for instance, depend also 
on the temperature which may be different for different particles 
and at various instants of time. In this case the first term on 
the right side of (125) vanishes, but the second remains, so that 


0G (2) - Οὖν-- 


If n,n’ are unit vectors normal to the eetiat p= const, Ξε πε. 
respectively, drawn in the directions of facreasiny density and of 
increasing pressure, then (126) may also be written 

w 
5 )- (wV)v= OP Ὁ vay’ (126a) 


2ρ ὃν cn 


The vector on the right side, and consequently also the vector 
sum on the left side, is tangent to the Ime of intersection of the 
surfaces p=const. and 9} Ξ- const. 

Considering again an element of a vortex filament l=ew, we 
may transform the left side of (126) into. 


τ (μι) pal or 1 at 
¢ dt cdf cat 
¢ being the mass of the element of length / and of cross section ¢, 
and μ- στὸ being the moment of the vortex filament at the instant 4 
Hence 

ἀμ ¢ Sp op Van 

dt 2p*On On" 
or 

dp Op Op - 


dt 2p3 On On" sia (127) 


(126) 
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Thus, the moment of the vortex filament will, in general, change 
with the time, unless the angle @=n, π΄ vanishes (or is =7) or 
unless the surfaces p=const., #=const. coincide with one another. 
But if they intersect mutually, at the given place, the moment 
jx increases or decreases with ¢, according as sin @>o or sin @<o. 


Thus, a rotating particle may in time lose its vortex motion. 
On the other hand, if at a given instant 4, for some particle, 
or for the whole fluid, w=o, then, by (126), 


wis = sh sh vam for ‘=%,, (128) 
that is to say: 

In a fluid devoid, at the instant /,, or till the instant 4, of 
every vortex motion, vortex dines would be created, coinciding 
initially with the intersections of the surfaces of constant density 
and of constant pressure.* 

If such surfaces, intersecting mutually during a certain time 7; 
should then once and for ever cease to: intersect one another, the 
vortices created during that time would afterwards keep their 
moments constant. ‘The period 7’ might be brief, yet the moments 
of the vortices which have been formed in this short time might 
be considerable when the gradients of pressure and of density are 
correspondingly large. 


The Wave of Acceleration; Hugoniot’s Theorem. 

The surfaces of discontinuity, for which the identical and the 
kinematical conditions have already been established (pp. 122, 131), 
must also fulfil certain conditions following from the dynamical 
properties of a non-rigid body, and, in particular, of a fluid. 

We shall limit ourselves here to the consideration of a surface 
of discontinuity of the second order (in x, 1,6. of the first order in 
v=dr/df) or of the so-called wave of acceleration, which was generally 
investigated by Hugoniot.t 

Let p be a function of 2) only; then 


* Cf. the author’s paper, ‘ Ueber Entstehung von Wirbelbewegungen in einer 
reibungslosen Fltissigkeit,’ Bulletin Acad. Sc. Cracow, 1896. 
+ Comptes rendus, Vol. 101, p. 1119; Paris, 1885. 
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hence the equation of motion : 


dt _dv_., dp 
ss 3 =a ~ Zp ῬῬΕΡ. (129) 
et, again, 
S=K(a, ἢ τεο 


be the equation of the surface of discontinuity σ, and n its normal. 
Let the impressed forces P, the velocity v, the pressure and density, 
as well as dp/dp be continuous, whereas the acceleration (and 
hence also Vlogp) is discontinuous at the surface o. 


Then, writing (129) for the two sides of « and subtracting, we 
shall have 


ye 
[5]- -P(Viog p}. (2) 
Since [v]=0, we have, in exactly the same way as in eq. (72) 
for D, 
(div v] =mn =mV/: =. (6) 
where m is the vector which characterises the discontinuity. 
On the other hand, by (70), since [log p]=o, 
[V log p] = Aa, (¢) 
A being a Scalar which we shall eliminate immediately. Again, the 
kinematical condition of compatibility will be, as in (82), 


Jog 6- τ AD, (2) 


dt 


where Ὁ is the velocity of propagation of the wave, the value of 
which is to be found. 
But, by the equation of continuity, (91), dlog p/dt= -- div, and 


consequently 
Fe = —[divv], 


so that, by (ὁ) and (d), 
pi as 
A= mn ; 
hence, by (c), 
[V log p] =; (mn)n. (130) 
This is the vector equivalent of the three scalar formulae for 


the jump of the components of slope of density, obtained by 
Hadamard by a considerably longer process.* 


*See Hadamard, ἦρε. cit., or also Appell’s Mécanique, Vol. IIT. p. 312. 
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On the other hand we have, as in (82), 
ὧν 
[2- a 
hence, introducing this value and also (130) into the dynamical 
equation (a), 
vim=2 (mn)n. (131) 


There are only two possible ways of satisfying this equation: 
1) the vector m is normal to the surface o, ie. πὶ τὸ πὶ, and 


at the same time 
dp 
yc ale . 


or 2) πὶ is tangent to σι or mn=o, and at the same time 
D=0., 
In the first case the discontinuity is called longitudinal, in the 
second, transversal. Thus we have the Theorem of Hugoniot: 


in a compressible, non-viscous fluid there are possible only two 
kinds of discontinuities of the second order: longitudinal, which 
are propagated with the velocity 


v=/%, (132) 


and transversal, which are not propagated at all, i.e. which affect 
always the same particles. 


The first are waves in the proper sense of the word, while the 
second are stationary discontinuities. 

(132) is the celebrated formula of Laplace for the velocity of 
sound in gases. 

It may further be observed that for longitudinal waves, by (6), 

[div ν] #0, 
namely | 
[div v]=mn =m" = m, 


. whereas for transversal discontinuities 


[div v]=o0. 

As in (73), [curlv]=Vnm. Thus, in the first case we shall 
have [curlv]=o, and in the second [curl v] ἐ ο. 

Hence, to sum up these last conclusions, we see that for longi- 
tudinal waves div v jumps while the vortex velocity w is continuous, 
whereas for transversal discontinuities, attached always to the same 
fluid particles, the opposite is the case. 


THE arrangement of these ‘Problems and Exercises’ is parallel to 
the sequence of ideas in the above six chapters. This remark 
may aid the reader. Besides, special hints will be given, in small 
print, where needed. The reader should attempt to solve each 
problem without any artificia] splitting of the vectors involved into 
Cartesians, unless the contrary is expressly stated, as when a 
problem or exercise is to consist in the translation of a vector 
formula into Cartesian language. The decomposition of a vector 
into components taken along or perpendicularly to other vectors 
involved in a problem is, of course, not ‘artificial’; nor has, for 
instance, the splitting of a vector into components parallel to the 
principal axes of a linear vector operator anything artificial about 
it. The reader is recommended to verify his results, in doubtful 
cases, by Cartesian developments, at least in the beginning of his 
vectorial career. But he will soon find that he can trust his 
vectorial calculation sufficiently, so as not to be obliged to recur 
to any translation whatever. He will ‘think vectorially’ as we 
begin to ‘think in a foreign language’ after we have learned it 
sufficiently,—the only difference being that the vector language 
can be learned (by people knowing. the Cartesian or any mathe- 
matical language at all) much more easily than an ordinary, spoken, 
foreign language, such as French or German. 


1. Prove that the diagonals of a =e bisect each 
other. 


2. Vice ἘΠ the diagonals of a given quadrilateral bisecting 
one another, prove that the figure is a parallelogram. 
3. Prove that the eight vectors 
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ic. A+B+0, A+B-C, etc., when drawn through a common point 
terminate at the vertices of a parallelopiped. (Joly, Quaternions.) 

4. Prove that if in any quadrilateral the mid-points of the 
sides be joined in order, the figure formed is a parallelogram. 
(Henrici and Turner, Vectors and Rotors.) 


5. Prove that the four diagonals of a parallelopiped meet and 
bisect each other. (/ézdem.) 

6. Prove the famous Theorem of Desargues: If AAC and 
A'B‘C' are two triangles (coplanar or not) such that the straight 
lines 44’, BB’, CC’ meet in a point O, the points of intersection Ὁ 
of AB and A’B’, of BC and AC", of CA and CA’ lie in a 
straight line. 

Take O as the origin of your vectors. Call a, ὃ, ¢, a, etc., the 
vectors OA, O#, etc. ‘Then a’=aa, b'=/%b, c'=ye, where a, B, y are 
scalars. Let 1, m, π be the vectors drawn from O to the points of 
intersection of AC and A’C, etc.; show that then 


l=e+(b— 0) BO, etc., 
a ὁ 
whence, and so on. 


The proof of this and of all the above theorems involves only the 
addition, and subtraction, of vectors. 


7. Similarly, mufatis mutandis, show that the converse of the 
last theorem is equally true. 
8. Prove that if two tetrahedra ABCD and A’'B'C'D are per- 
spective from a point, they are perspective from a plane. 
This means that if 4A’, BA’, etc., meet in a point O, the six pairs 
of homologous edges intersect in coplanar points and the four pairs of 


homologous faces intersect in coplanar lines (cf. Veblen and Young's 
Projective Geometry, Vol. 1. p. 43; Boston, etc., 1910). Take again 
O as the origin of your vectors, etc. Of course, your vectorial method 
will be far less elegant than that used by projective geometry to prove 
this and the above two projective theorems; but these exercises will 
still be found useful and interesting. 


9. Describe, in words, the different meanings of the products 
A(BC), (AB)C, (CA)B, 


where A, B, C are three arbitrary vectors. Also, write down their 
Cartesian equivalents. 
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10. If A and B be any two vectors, what is the meaning of 


the vector expression 
AB)B 
a _(AB)B, 
BE 


iL C being the vector sum of A and B, interpret geometrically 
the meaning of the identity 


C* = A* + B+ 2AB. 
(A+B)(A-B)=4?- 8. 
into the form of a geometrical theorem. 


12. Put 


13, If A=, then the above equation degenerates into 
(A+B)(A-B)=o. 
What does it mean geometrically ? 
14. By the distributive property of scalar multiplication, 
(A+B)VCD=AVCD+BVCD. 
Interpret it geometrically (stereometrically). 
Make A, B, ©, D coinitial. 
15. If i, j, K be the s : i 
Bi ἀτρύνοςς iVik, Vis, noting ‘pecan μοι aun 
16. Prove the distributive property of vector multiplication 
(Theor. IV. Chap. I.) by geometrical construction. ~ 
17. What is the geometrical meaning of the equality 
V(A+B)(A-B)=2VBA? 
Ν μι Prove vectorially the fundamental formulae of plane trigono- 
; sin(e+8)=sina.cosP+sin 8. cosa, 
cos (a + 8) =cosa.cos β F sina. sin B. 
19. Any’ vector r may be represented in the form 
r=5,8+ sb + 590, 
where a, b, ¢ is an arbitrary set of three non-coplanar vectors, say, 


unit vectors, and where 5,, 5), s, are appropriate scalars. Deter- 
mine them. Show that any r may be written 


r= τες {(FVbe)a +(rVca)b + (rVab)e}. 


- 


(Heaviside, Electromagnetic Theory.) 
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20. Prove the formula (4) of Chap. I, without splitting the factors 
A, B, © into Cartesians. 

Take first the simpler case of A||B, Ze. Ὁ, ¢ being unit vectors, 
show that 

VbVbe= b(be) —¢, 
hence also VeVbe= — VeVeb=b— o(be). ; 

Then decomposing A along b, ¢ (such a decomposition having 
nothing ‘artificial’ about it), prove the general formula. Notice that 
the component of A normal to the plane B, © is inoperative. 

21. What conclusions may be drawn from the equation 

VAVBC=0 
with regard to the three, otherwise unknown, factors ὃ 

Discuss fully all possibilities. 

22. Three particles, 1, 2, 3, are moving relatively to a fixed 
point O with any (variable) velocities v,, γὼ» Vg. Find the time-rate 
of change, 2, of the area of the triangle 123. If p be the vector 
normal to the plane 123 and having the above / for its tensor, 
find the rate of change of p in terms of the velocities and accelera- 
tions of the three particles. ᾿ 

23. Similarly, ¥,, Vs, Vg, V, being the velocities of four particles, 
find the rate of change, g, of the volume of the tetrahedron 1234, 
and the rate of change of ¢. 

24. Prove that the nodograph * of the parabolic motion, 

T=%)+V¥)i+ 4a" 
(where r,, Vp, 8 are constant vectors, whose meaning is obvious), 
is a straight line described uniformly. 

25. Investigate the properties of the so-called elliptic harmonic 
motion, 

r=Asin #/+Bcos x, 
where A, B is a given pair of constant, and generally oblique 
vectors, and # a constant scalar, Find the hodograph of this 
motion. (Clifford, Z/ements of Dynamic.) 

26. Write down the formulae for the acceleration, for the last 
two cases of motion, exhibiting its tangential and normal components. 


* Ifa straight line Of be drawn through a fixed point Ὁ, representing at every 
instant the velocity v of a moving point /, the curve described by # is called the 


hodograph of the motion of /. 
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27. Let s be any circuit (having no knots in it) and r the 
vector drawn from any fixed point O to any point of s. Investigate 
the properties of the integral 


Tac | Ved, 


taken round’ s, where ¢ is an arbitrary scalar constant, Show that 
I is an énvariant of the circuit with respect to the choice of Ο, 
te. that, taking Ο instead of O, the corresponding I’ is equal to I. 
Join any two points of s by a curve, thus decomposing the circuit s 
into two others, s,, s,; show that then 
T=1,+1,, £e. I(s)=1(s,)+1(s,). 

27a. In particular, if s be a square, show that I=2cn, where ἢ 
is a unit vector normal to the plane of the square. (Fix the right 
sense of n.) Hence, defining the ‘area’ of a square to be unity 
(so that ¢=}), and using the above additive property, interpret 
the geometrical meaning of | Veds for any, and especially for 
plane, circuits s.* 

In the case of the square take your O in one of its corners. 

28, If r be the vector drawn from a fixed point O to any point 
of space, show (without splitting) that curlr=o. 

Use the form curl= VV, show that Vr is a radial (unit) vector, and 
so on. 
᾿ς 29. The meaning of r being as above, show that, for any circuit s, 

fras=o. 


30. Using the definition of cur? and of div by means of the 
line and surface integrals, prove their distributive property. 

31. Show that the volume of a portion of space enclosed by a 
suriace o is 


* Extending the usual definition of moment of a finite straight line (see δ... 
Clifford’s Dynamics, Part I. p, 92), we might call the integral | Vras the 
moment of the circuit s (about the point ὦ, whose specification, however, is in 
our case irrelevant), As a supplement to the above exercise consider the 
properties of the moment, / Vrds, of an efen curve about a given point O, and 
investigate its dependence on the choice of ὦ. 
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n being the outward unit normal and r a vector drawn from a 
fixed point O to any point of o Verify this result by putting, 
in Theor. VI., R=r. Show directly that | rmdo is an invariant 


with respect to the choice of O (inside or outside ¢). 

Compare, by the way, the properties of this integral with that involved 
in 27 and 27a. As to the immediate evaluation of div τ, write it Vr, 
and so on. To prove the invariance of the above integral, show 
first that [ π εἰσ Ξεο. 

88, The equation of a surface being f=0, where / is a given 
scalar function of position in space, show that 

ὍΣ ΝΙΝ 
are the parts of RB tangential and normal (respectively) to the 
surface, both in size and in direction. 

33. Find the value of 


div {p(r)r} Ft | 
using only the definition of div by means of the surface integral. 
(Here r has the same meaning as ih 28, etc., and ¢ is any given 
function of its tensor 7.) 

34. Express the slope of a scalar function of position φ in terms 
of orthogonal curvilinear coordinates u, v, w. That is to say, 
“=const., Y= const., #=const. being a threefold orthogonal system 
of surfaces in space, show that 


πὸ a OF , ge OH 


where the vectors Ὁ, V, W are the slopes of μ, τ᾽, w respectively, Ze. 
U=Vu, τ: νυ, W=Vw. 

Do not employ the expression of Y in terms of fax, etc. Use 
only (x.), Chap. 1., as the definition of slope. If a, Ὁ, ¢, be the units 
of U, V, Ἢ respectively, and ds,, ds,, ds, the elements of the lines 
of intersection of the surfaces v=const., w=const., etc., measured in 
the direction of a, b, ο, then Vp=a Od/Cs,+..., and so on. Notice 
that the conditions of orthogonality are expressed simply by 

VW=WU=0V=o0, iv. Vu. Vw=09, etc. 
35. U, V, ΠΡ being the tensors of the above JU, etc., show that 


O(R\, ὃ ( Ας = (H)} 
a ovwl = (oh) +e (awh) tae a) 
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where #|=Ra, etc., are the components of the vector Καὶ along 
the lines of intersection of the surfaces Ὁ!) =const., w= const., etc. 


Using the definition of div by means of the surface integral, consider 
the element of volume bounded by the three pairs of surfaces uw and 
u+du, v and v+dv, w and w+dw; remember that ds,=du/U, and 
sO On. 


38. Show that the Laplacian in orthogonal curvilinear coordinates 
2 rrywi?t({_U Ὅλ ὃ. VF O\.3d/W ὃ 
var [Ξ (γιρ ) ϑ(γοδι)" ὃν (ar2m)}- 
Use the form V*hb=div τῴ and apply the above result. 


87. Retaining the above notation and assuming the order of 
u, 0, w, so that a, Ὁ, ¢ should be a right-handed system, show that 
the curvilinear components of curl are 


0 /k, Ὁ (Rk 
vw} ( ) (F)}. Εἴς, 


or that, in determinant form, 


Ys ee 
| a VP 
x 2 ot 
Cane UEW) Sty. δὲ 
ΓΦ 
U Vw 


Use the definition of cur/ by means of the line integral; take an 
infinitesimal rectangle τῷ v+dv, w, w+dw on a #-surface, and so on. 


38. Taking for the above w-, v-, w-surfaces confocal ellipsoids, 
one-sheeted and .two-sheeted hyperboloids, write down div, cur! 
and Laplacian in elliptic coordinates. 

In this case, . | 

' “ 
=u) 
with two similar expressions for V? and W/*, where 
Iu) = 4( A? +u)( BF +u)(C* +n), 
4, &, C being constants for the whole system ; 4?> 823 C*; 24,28, aC 
are the principal axes of the ellipsoid w=o. If x, y, x are the ordinary, 
rectilinear coordinates measured along the principal axes of the whole 
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system of confocal quadric surfaces, x>w>w are the roots of the 
equation χϑ ᾿ 2 
Fant χεσέξχου 

σ0}» 4» -᾿ΑἸΞ ν» - ΒΞ Ὁ» A}, 

so that Ji), {(@) are positive, while /(v) is negative. Remembering 
all of this, use 35, 37 and 36, respectively. Here it will be enough to 
write the Laplacian, leaving the cur/ and atv wholly to the reader. 
Introducing the elliptic integrals 


iNfuy νη "IN Few) 
the Laplacian will be 
ey 
v=w{(7- wo) τ (0 — w) saa (0 - Yea} 
where N-!=(v—w)(u — w)(u—v). 

39. Write div, curl, ΜΞ in polar coordinates u=0, ἡ τες, w=r, 

In this case, 6, ε being the latitude and longitude respectively, ds,=rd6, 
dsy=r sin θ᾽. de, ds,=dr, so that U=1/r, V=1/rsin 6, W’=1, and so on. 

40. Write down div, cur/, V* in cylindrical coordinates u=s, 
V=p, τῦ τες, 

Here, p being the distance from, and = being red along, the 
axis, U=1, V=1, W=1/p. Consider the ΕΣΣΔΑΣΕΡΟ important specia! 
case Of axial symmetry, i.e. O/Ce=o. 

41. Verify, by Cartesian expansion, the formula (26) of Chap. I. 
Show, without splitting, that the divergence of its right-hand side 
vanishes identically. 

42. Verify, by Cartesian expansion, the formula (33) of Chap. I. 
Write down curl’, curi', etc., for a solenoidal vector. 

43. Show that d’Alembert’s Principle, (1), Chap. IL, is invariant 
with respect to the ‘Newtonian transformation’ r/=r,-a/, where 
ἃ is an arbitrary constant vector. 

Assume, of course, that the constraints of the system imply only 
the positions, and velocities, of its constituent parts relative to one 
another. 

44. Formula (1), Chap. 11., being the expression of d’Alembert’s 
Principle relative, say, to the ‘fixed-star’ system of reference, write 
this principle using the earth as a framework of reference. Compare 
it with (1) and interpret the supplementary terms. 

v.M. M 
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45. Inte the equation of motion of a particle (say, an electron 
contained in a “s¢0m) drawn back to its position of equilibrium, O, 
by an ‘elastic’ force, i. 

rt = —a’r, 
where a? is a positive scalar. Investigate the properties of the 
orbit for any given initial state, r=t, f=¥), for ‘=o. Write 
down the principle of areas and that of vis-viva and interpret them. 

Elliptic harmonic motion, See 25. 

46. Work out, vectorially, the elementary theory of the Zeeman- 
effect, that is to say, integrate the equation of motion 

f= -- οὐ -- ΝΥΝ, 
where M is a vector constant in space and time (homogeneous 
magnetic field), 4° a positive scalar (the specific charge of an 
electron, ¢/m, divided by the velocity of light in vacuo), and v=f. 

Consider the projections of the orbit 1° on a plane normal to M, and 
2° on a plane parallel to M. Compare the periods with that corresponding 
to the above example. 

47. Show directly that the position of the centre of gravity 
(mass-centre), ze. of the end-point of the vector 8=mr/2m, (17), 
Chap. IIL., is independent of the choice of any auxiliary framework. 

48, Find the mass-centre of three equal masses placed at the 
corners of a triangle, 

49. Find the mass-centre of four equal masses placed at the 
corners of a tetrahedron. 

50. If M be the momentum of a system (mv), q its moment 
of momentum about O and α΄ that about O’, show that q’=q+ VaM, 
where a is the vector drawn from O to Ὁ. Interpret this simple 
property dynamically. 

51. Prove that the resultant of two angular velocities, p,, Po, 
and hence also of infinitesimal rotations, of a rigid body, round 
axes which meet one another, is given by the vector p, + Po. 

First show, by elementary considerations, that the velocity v of any 
point P of the rigid body is expressed by v=Vpr, where r is the 
vector to from any point O on the axis of rotation. Then, using the 
additive property of velocities, write v=v,+¥,= Vp,r+ Vpur, and so on. 

52. Show that by any parallel shifting of the axis of rotation 
only a translation-velocity, of the body as a whole, is added. 


PROBLEMS AND EXERCISES 179 


Instead of r take r'=r+a, and so on. Notice that if a||p, the 
supplementary translational velocity vanishes; in other words, the 
shifting of p in its own line is a matter of indifference. Thus, p, 
the angular velocity or ‘sin, if taken with all of its kinematical 
implications, is a vector /ocalised in a (straight) line, or a rotor. But 
if we are concerned with rotational motions only, this localisation 
becomes, of course, unessential, and spins can be manipulated with as 
free or ‘unlocalised’ vectors. There is, at any rate, no danger of 
misunderstanding arising from the above peculiarities. Another example 
of a vector localised in a line is a force applied to a rigid body. 

53. Prove that the most general instantaneous motion of a rigid 
body is a screw motion or twist about a certain screw, fe. an 
angular velocity p about a certain axis, combined with a translation 
velocity v, along that axis.* 

First write v=v,+Vpr, where v, and p will be generally oblique ; 
then decompose v,' into components parallel and normal to p, and so on. 

54. Show directly that div v=o, thus verifying the incompressibility 
(Chap. V.) of a rigid body. 

Write v=¥,+Vpr. Use for dv the Hamiltonian applied scalarly. 

55. The meaning of v being as above, prove directly that 
curl ¥V= 2p. 

56. Show that, for the most general motion of a rigid body, 

ν (95) = Vv curl v. 


(vV)v=Vpv, 


dy ov. ee 
a ait Ve. [Notation as-in (74), Chap. V.] 


Also, prove that 


50 that 


Interpret the last result. 
Cf. (22), Chap. ἵν. 
57. In a rigid body (or system), let the mass be distributed 


symmetrically round an axis a. Show that the inertial operator of 
the body, about a point on a, is of the form 


where 57» S, are positive scalars. 
*The ratio %:/ is called the pitch of the screw. A quantity which, like 


a twist-velocity, has ‘magnitude, direction, position [in a line], and pitch’ has 
been called by Clifford a motor. 


ae 
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The above A’ is written as a dyadic, the dot being a separator. 
Thus, if q be the moment of momentum and p the angular velocity, 
aq=5s,p—s,a(ap). Determine the values of s,, ὅς in a few simple cases, 
such as a pair of point-masses and a massive (homogeneous) circle. 

58. Let o=i.0,+j.0,+k.0, be any linear vector operator, as 
in (xiv.), Chap. V. Show directly that its principal values # are 
roots of the cubic equation , 

(O, — vi) V (0, -- 7j)(O, — xk) =0.* 
Develop this, by vector algebra, into the form 2° — ων +42 -—G@=0, 
and interpret this result. 

Show that ὧν ων ως, and so on, are invariants of the operator, 
ἐξ. independent of the orientation of the framework i, j, k&. Discuss 
as far as you can the general case and then the case of a symmetrical 
operator. 

59. Using (xm.), prove (xvi.’), Chap. V., Ze. that for any pair 
of vectors A, B, 

BoA = Ao’B, 
where ὦ is any linear vector operator and w’ its conjugate. 

Show first that if o=2+4Ve, then w'=Q-— Ve, and so on. 

60. Investigate the properties of an operator ὦ, whose inverse is 
identical with its conjugate, wo’ =o7?. 

Consider the square of wr, use (XV1.'), and 50 on. 

61. Prove that every vector-field w can be decomposed, in one 


way only, into a purely irrotational and a purely solenoidal (source- 


less) field. 

First show that a field is wsigwely determined by its sources (or sinks), 
its vortices and discontinuities ;+ hence, and so on. If the field in 
question be contained in a finite portion of space limited by o, consider 
wn as prescribed for every point of this surface ; otherwise prescribe, 
in the usual way, the behaviour of w ‘at infinity.’ Try to do without 
potentials. 

* This is immediately seen to be the equivalent of the usual determinant form 

mK ee μι 
ay Wy Wy =0. 
bet | a Ws 8 

But do not resort to this form. 

+Though discontinuities of W need not be mentioned expressly, their tangential 
parts being implied in the vortices and their normal parts in the sources and 
sinks (div). 


} 
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62. Apply the general formula (75), Chap. V., to the case of 
a rigid body, developing, as it were, its differential kmematics. 
Show that, in Eulerian coordinatés, 

ba A ς ΞΕ 

Ox Ὃν Os “"“ Os 
Write also the six corresponding differential conditions of rigidity 
in Lagrangian coordinates (a,, @g, 43, ¢), using the displacement D, 
or the vector r. 

Do not presuppose, of course, that v=v)+Vpr. Use the immediate 
differential expression of rigidity, 1d¢1/df=o, for any line-element 1, and 
so on. The above is an instructive exercise by itself, and also in 
connexion with the theory of the relativistically rigid body, which theory 
is differential by necessity. 

63. Let R be any vector-field extending in a moving deformable 
medium; do being a surface element, composed always of the 
same particles of the medium, show that the time rate of change 
of the ‘induction’ of R through do, Ze. of Rn ds, is given by the 
formula 


Cu, 
oy 


ad Ε-. 
where 
g= B+ vdivB+curl VRv, 


0/Of being the local time rate of change and v the velocity of 
the medium at the place considered. 

Take for do an infinitesimal parallelogram constructed on two 
individual line-elements 1,, 1,; then the induction through it will be 
ἈΝ... Differentiate this product, apply formula (75), Chap. V., and 
so on. 

64. Similarly, @s being an individual! line-element, show that 

Z | . 
< (Rds) =h δ, 


where 
oR 
Ἀπ 
65. Maxwell’s electromagnetic stress for the ‘free aether’ is given 
by the stress-operator, 


+V(Rv) — Vv curl Β. 


pou-E.E-M.M, 
where E is the electric, M the magnetic force and u=4(Z?+4f) 
the density of energy (pressures proper being counted positive, 
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tensions negative). Find the principal axes of this stress and the 
principal pressures or tensions. Write down the resultant force, 
per unit volume, —idivp,—..., assuming div E=divM=o, 

The principal pressures will be found equal mw, +{«*—(VEM)*}3, 
Treat the general case of oblique B, M, then the simpler case of E_| M, 
and finally the simplest case of purely electric, or purely magnetic, 
stress. Remember that the meaning of the above formula is 

P, = ΝᾺ — E(En)-M(Mn) 


for any n. Notice that this stress is self-conjugate or irrotational. 


66. Write down the equation of energy for any individual portion 
of a deformable body, ‘and interpret the various terms. 

Use the general equation of motion (87), and proceed, mu/atis 
mutandis, as in the simpler case of isotropic pressure (Chap. VI. p. 144). 
Express the work absorbed by the body on its being deformed in terms 
of elongations and shears, and normal and tangential pressures. 

67. Show that the vector potential (114), Chap. VI., satisfies 
the solenoidal condition, div B=o. 

68. Let an incompressible liquid contain any number n of closed 
vortex filaments s,, whose moments are p,(t=1, 2,... ἢ. Let S be 
the ‘current’ through κι, ἡ. 6. 


St= ραν, 


where σὶ is a surface bounded by s,. Show that the kinetic energy 
of the liquid is equal to the sum of the products of the moments 
of the vortices into the currents through them, 


L= Σ)ιιώι. 


Decompose the whole liquid into infinitesimal tubes of flow. An element 
of length as of one of them, of cross section de, will contain the energy 
tpv*.dr=itpudoe.vds, Remember that, the motion being solenoidal, 
pv do is constant along the tube. Integrate the above expression along 


the tube, and so on. At a certain stage of your reasoning consider — 


separately the case of a liquid enclosed in a rigid shell and that of 
an unlimited liquid. 

69. Show that the above ‘currents’ are linear homogeneous 
functions of the moments of all vortex filaments, 


Fa 
See > Cale; Κα, 2,65. Ν᾽ 


ἐξει 


PROBLEMS AND EXERCISES 183 


with coefficients depending only on the size, shape and relative 
position of the vortices. Whence represent the kinetic energy of 
the liquid as a homogeneous quadratic function of the moments. 
Determine also the coefficients ¢,,, thus obtaining again the formula 
(117), Chap. VI. 


To determine the coefficients ¢a=¢.., transform the currents through 
Se into line-integrals round sx, using the vector potential B. Notice 
the analogy between the above expressions for the kinetic energy of a 
liquid and those for the magnetic or ‘electro-kinetic’ energy of a system 
of electric-current circuits, the liquid currents S, corresponding to the 
inductions through the circuits, the moments px to the electric-current 
intensities, Cu, ἔκ to the coefficients of self- and mutual induction. 
Remember, however, that these formulae are neither characteristic of 
liquid motion nor of the magnetic field of electrical currents. They are 
valid for any solenoidal vector-field. 


CARTESIAN EQUIVALENTS OF VECTOR FORMULAE. 


In order to make clear to the majority of readers, brought up in 
familiarity with Cartesian components, both the advantage and 
the meaning of the above vector treatment, we shall give here the 
Cartesian equivalents of nearly all the vector formulae and symbols 
contained in Chapter I. and in the chapters on Mechanics, II.-VL., 
or, as it were, a kind of dictionary to the whole book. 

The Cartesian, ze. rectangular components of any vector A, will 
be denoted throughout by 4,, A,, As, with the one exception of 
the coordinates of a point relatively to a fixed system of reference, 
which (suiting the general use) will be denoted by x, y, 5. 

It will be convenient to divide the whole dictionary into two 
parts, the first containing pure/y mathematical and the second 
comprehending chiefly mechanical formulae. 


PIRST PART. 
Vector sum: 
R=A+B=+B+A. #,=A,tB,, Ry=A,t By, Rz=Azt] 
Scalar product : 
AB=BA. A,B, + A,B,+ AgBs3. 
Vector product : 


C=VAB= -- VBA. C,=A,B, - AZ, C,= A,B, - A,B, 


C,=A,By- AB,. 
A, 4, 4. 
αὐ τ BC) +...= | By By Be 
ον 


AVBC=BVCA =CVAB. 


ST 


R=VA(B+C). 


S=VAVBO 
j = (AC)B - (AB)C. 


Surface-integral ; 
| S= | Bn de. 


Curl or AKolation : 
C=curl R=VVR. 


Divergence : 
divR=VR. 


Theorem of Divergence, called 
also Gauss’ Theorem: 


| div. de= [Rm de, 


n being the ev/ward normal. 


Slope or gradient: 
R= V9, 
¢ being a sca/ar function. 
Stokes’ Theorem : 


μ curl Bd =| BR ds. 
(#) 
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R, = A,( By t Cy) - Ag( By = Cy), 
etc., by cyclic permutation of 1, 2, 3. 
Sy = (4, C, + Aya + Ag) Dy 
— (A,B, + A,B, + As8s) Qj; 
etc., by cyclic permutation of 1, 2, 3. 


A,=dA,/dt, A,=dA,Jdt, A,=dA,/dt, 
supposing fixed Cartesian axes. 


fin [Rides R, dy + Ryd) 


=| (4G +--)a 


S= [Ava + Rotts + Rytz) de, 
2, Ng, Ns being the direction-cosines of n. 
Cn 2Rs_2Ry ς, 88, 8, 
Ὁ ce (> θὲ ce 
8.1, 8, 


=) 
Ox oy 
OR, , OR, , OF. 
+S tS 


(Gore) 
oy 3 


= [ων τως + Rgitg) do. 


nh") 


| =| (Aide + Rady + Rel) 
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Formula (25), Chap. I. 
(cited also under (xx.) in 
Chap. VI.): | 


div VRS=ScurlR-Reurls.| ὃ = 
Υ curl B -- B cur 5, (AeSs So) + etc. 


(Ξ "OR 
ἘΞΕ q — -ΞπΞΞπὶ᾿ 
S; ΚΟ 5 ) τ εις. 
ὃ 
- a (- 9) = etc., 
‘etc,’ meaning always two other terms 


obtained from the preceding by cyclic 


fi 1utation of and of x, 7, 5. 
Formula (xxi.), Chap. VI. : ree wD ie ἜΘΕΙ 


curl Vwv = w div v+ (vV)w 


ὃ, ὃ 
~v div w-—(wV)v. By a2 — We);) -- ὃς (20140, — 10.70.4) 


“Ὁ 
+ (424 rz + Ose) 
~ (22 8) 


ὃ Ὁ Ὁ 
-_ (w+ Ms os 5 ὅν 
| with two similar equations. 
Axial differentiation : 
BV. 
Laplacian, applied to a | 
stalar : 
V°b = VVb=div Vo. 
Laplacian, applied to a 
weclor : 


han tat yee 
Vee Gy δὲ Ss" 


S=V2R. S,=VR,, S,=V2R,, S,=V2Ry, 
_— 8. eB 
Y= ae Ta! 
Green's Theorém : ΠΕ SE ro * 
forvenfote | [ABBE Ba- fate 
- |e. Vy. ar ~ Fee oe ea 568} a. 


" 


ἢ 


4- 


APPENDIX—CARTESIAN EQUIVALENTS 187 
to oL«ain it, put in the above |. 
Theorem of Divergence 
R=¢Vy¥, 
and consequently 
divR=V¢d. V+ oV"y, 


αὖ 
Βα -- $<, 
φ, being sca/ar functions.* | 


| 

Iteration of curl, (33), | 

Chap. : ᾿ 
a 0. ΑΚ 

8=curl?R=V div R-V°R. | 5ι- (5. Ὁ 


Linear vector-operator,(X111.), | 
Chap. V. : 
wA =(2+3Vc) A, By = QA, +4 (G43 - Ao); 
say = Β. etc. 
the components’4,, 4,, etc., being taken. 
along the principal axes of the symmetrical 
part 22 of the operator ὦ. | 


SECOND PART. 
D Alembert’s Principle: 
(mi -- P) or =o. S{ (mx — F,) dx + (my — 7) dy 
+ (mz — £,)8s} Ξε ο. 
Lagranges Equations of 
Motion : 

mi, = By + Vo + BV gh + ...; 

n vector equations. 


mx, = Li, + Ase 4 nse + nny 


mj, = Fiat ae +5 + νον. 
oy 


2, = Fy + Ae + i, i wen ἢ 
37 scalar equations. 


*To obtain the particular form of Green’s Theorem applied on p. 155, put 


y=@, and consequently V¢. Vy¥=(V¢)’. 
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flamilton's Principle, (12), Chap. 11., has nothing vectorial 
about it. Thus, it will be sufficient to write only the right-hand 
side of equation (11), from which the principle followed, along 
with its Cartesian equivalent : 


| Sm or | | 2am(o, 8x + 0, ὃν +05 ie) | | 
Then, continuing our survey, we have the following equivalences : 
Centre of mass, (17), Chap. 


III. : | 
§ = Smr/ AM, δὴ = 7 Sy = ὭΣ»; δ Ξ ἊΣ "8, 
where f7=2m. 


5), etc., being simply the Cartesian co- 


ordinates of the centre of mass. 


The resultant momenf of 


impressed forces: 
1,-- ΣΥΤΕ. ΣΙ ΞΣΟ, - 24), ete. 
The principle of areas, (20), | 
Chap. III. : | 
ἐς γεν, g Sai ( = 
ὭΣ Ht (IM — sU,)=ZL,, etc. 
Fundamental kinematical re- 
lations for a rigid system, (22), 
Chap. IV. : my Ρ Ύ, 
w=w + Vpw. a = Sh + pate —pyit's, εἴς, 


τ). ἔσθων 2, being the components of w 
along fixed axes, and w,’, etc., the com- 
ponents of the same along axes moving 

Moment of momentum, (24), with the rigid system. * 
Chap. IV. : | 
q==mVrv. 7, = Σνι( γὺς — Sv), ete. 
Lquations of motion of a 
rigid system, (25), (26), zdrd. : 
ὧς ὧδ ιν . dy, 9, (γ. 9. -. 
a a Vap=L. di dt (Jops 73h) Ly; etc. 


* Remember that f,, Zo, £5, the components of the angular velocity p, have 
been taken always along the moving axes, namely along the principal axes of 
the rigid system. (Chap. IV.) 
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Kinetic energy, (27), (274): | 
T= ἐνᾳ = 4pAp. T=4(P\9, +PH2t+ Pods) 
=4(K p+ Kp? + Kehs")s 


Kj, ete, being the principal values of 
| the (symmetrical) linear operator A. 
Euler's eq. of motion, (26a) : 
f a | 
K® =L-VpXp. KB, Bad +(Ki-KPohy ete 
| where the accents could be omitted, since 
| fy, ete, are already taken along the 
_ (moving) principal axes. | 
Time as a function of angular velocity, formula (a), Chap. IV., 
page 82: 


pee (a) 
i= —<—) 
ae 
where 
N= pV (Kp) (Ap). 
ΤῸ obtain the usual, Cartesian, development of this denominator, 


apply the determinantal form of the product AVBO (see γε Part, 
of this ‘ Appendix’); then 


pi Pa Ps 
N=\ κι PolKo Pols | =PiP2P ss 
KP) Kops Kips 
where Poe 


I 2 3 ᾿ " 
Now, 21» fo» fg may readily be expressed by 2, and by the 
invariants 27’ and g, namely by solving the three equations, 
pitpet+pe=P*, Kp + Kepi + Kyps'= 2%, 
K2p2 + Kip? + Ke'bs = 9. 
Thus, writing 
αὖ 

K? Ke Ke 


we get immediately 


» at ae. T(K,+ Ky) - g*\ 
whence 


wes NGF XN GP-AMGP As): 


strain-theory, (48), Chap. V.: 


above, (50), (51): 
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which is the usual form given in text-books on rigid dynamics, 
the constants under the radical being given by 
C, =(K, — K,) KK, ete. ; 
A, =(K, — Τῷ {2 7(K, + K,) -- 9}, etc. 
Introducing the last expression of WV into the above integral (a), 
we get what is alluded to in Chap. IV. p. 82. 
But let us continue the columnar system of our Vectorially- 
Cartesian dictionary. 


fundamental formula of 


' | ; Ὁ ee 
Y=1+(V)D. i, “A+ (Anthea the) D,, etc., 
where x, y, ¢ are the coordinates in the 
| unstrained body, identical with our @,, as, 
@,; ἢν 4’, ete., are the projections of 1, I’ 
on the axes of x, », 5. 


Developed form of the 


‘ | | ‘ : = : 
1΄ Ξ: ΩἹ -- ἐν] curl D. πο 2 to 2 - Zs) 


D, aD. 
Ξ a(=- =}. ete. 
where x, y, s and the components of L, I, 


| D are taken along the principal axes of Ὦ 
at the point «, y, <. 


Cubic dilatation, (59): 
6 =divD. ΕΣ ΩΣ Do 
Rotation (infinitesimal) : 
ὃ τὸ κ᾽ οὐ] Ὁ. ΠΕΣ 3), etc. 
Equation of continuity, (60): 
59 +p div D=o. Sp+p ete oe 2) 
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Surface of discontinuity ; | 
identical conditions, (71): 
[V(Dx)] =n(mx) ; 
put x=i,j, k respectively. 


Idem, (72), (73): 
[@]=[div D] =m, 


{c]=${curl D]=35Vnm. | 


Individual and local time- 
variation, (74): 
O : 
f=5,+ (09). 
Variation of a line-element, 
(75): ἀ 
a= (Ὁ) νυ. 


Variation of a volume- 


element, (77): 
4 (ds) = div. dr. 
Eq. of continuity, (78a): 
os div (pv) =0. 


[τὴν [33] τον 


6,4]. 
|= mem 


[35] τν [3 πον 


[τ πω κι. 


PB ]-am [Bene 


ID 
atom -᾿ ἘΞ μα 
Lae πρὸ 


these are the nine scalar conditions of 
Hadamard. 


[6] = 2,7, + NgiMtg + gis, 
[c,] = ἔην — πφηᾳ), etc. 


eee 
Fn ait 8x t By τὸς 


0 Q 
Φ = Ge + aby + Δ.) ιν etc. 


δ΄... (δι, 20, , 205 


Burs: 
2 +. 2 (poy) + δ (00,) + 5,(00)=0. 
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Kinematical conditions of 
compatibility, (82): 


[v]= [2] = -- σοῦ, | [o,J= [2] Ξε —m,¥, εἰς, 


| 
General eg. of motion of a 
non-rigid body, (87): | 


dv, (Lu. Pro, W 
pi =p - idivp,-—jdivp, | Oz =F, ~ (0 + Fits Ev) 
-Ἀανν, dv Pr) , Oo; , ὋΡ 
᾿ a ἜΞΞ 5-Ἐ 1... $2) 
= pF -div {p,.i+p,.j+D,-k}, Pat eae + ey Ge) 
the dots. being separators. Wy _ op (Pa, Pe Fz) 
pa = ph (3: ἘΞ tS): 


Hydrodynamical differential 
equation, (go), Chap. VI. : 


ἂν ov 5 I 
π ΞΞ--ἐἰὐῦν v=P--V : 
[Equation of continuity, see 
above. | 
Circulation, ibidem : 


: dx a εἷ 
z=| WligSis® 
[7 7 Ι: (ο, ΠΥ 127.+ rs) εἰς 
Hydrodynamical eq. for 
conservative forces and p= fp), 
(93a) : 
ὃν v\ Ou Ὁ oe 
at2Vwe=0(Q -=), ag + 2 (ery -- 250) =5,(@-5), etc., 
where w=} curl v. 
seu, where m= ΠΕ- ~ Qs » ete. 
Clebsch's Transformation, | 
(96), (97): 
v=Vb+AVY; =a, ete; 
ἦς W=$VVA. Vu. . τῦχ τε ᾧ 35-85) etc. 
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Kinetic energy of vorlex 
motion, (116), (117) : 


L=p|Bw dt L= pl (By, εν.) δ 
pt ww" | P ΓΝ p i,t," + ss an ’ 
= P(r ar at’. ᾿Ξ ἢ 5 r ~ de dt ~ 


Helmholts’s eq. of vortex 
moilion, (123): 


{(2) sere 


Wave of acceleration, (130) : 


d fm,\ 1 Ὁ Ὁ ΞῚ 
φ (=) τὰ τω, at Ma ty, Oy ete, 


_ [V log p] = ;(mn)n. Rex log 4 (ma + Mgfta + MigMy)Ny, 
ome : => (mm, + Mgfq + MgNg)No, 
CAS P| aT (rey + tty + Mga) 
Idem, (131) : 
b°m = en υὖνὴ =? (λεγε +-7gMy + Mghy)Ny, etc., 
dp* Ἢ dp 


where m is the vector charac- | where 


terising the discontinuity, — , E ‘ 
"4! | 
m= τῇ ai ΒΊΟΥ 
Ne m~— i at 
If dv, 


V.M. N 


MISCELLANEOUS NOTES. 
A. Projective Vector Equality. 


Tue definition of vector equality given on p. 3 is based, as is in fact 
the whole text of the book, upon the metrical concept of “ length ” 
or “distance” and on Euclidean parallelism. It may, however, 
be worth while to draw the reader's attention to the possibility of 
a non-metrical or projective definition of the equality of two vectors 
and to the utility of such a concept. This subject is treated fully 
in my Projective Vector Algebra (London, Bell, 1919), to which the 
reader may be referred for details and applications. Here it will 
be enough to explain the concept in question in a brief and some- 
what modified exposition. 

The usual axioms of projective, three-dimensional, geometry 
being assumed, introduce a fixed plane τ chosen conventionally. 
Call vector an ordered pair of points, O the origin and A the end- 
point, and refer to the intersection point of the straight line OA 
with the plane τ as “the terminus" of the vector. Then our 
definition can be worded as follows : , 

Two vectors OA and O'A' are equal to each other if they are 
coterminal and if QO’ and AA’ are coterminal, that is to say, if the 
straight lines OA and O'A', OO and AA’ meet on the r-plane, 

The usual definition is manifestly but a special case of this more 
general one. ᾿ 

The success of such a non-metrical definition of vector equality 
is mainly conditioned by its transifivity, and it [5 interesting to note 
that the latter property is a consequence of, or equivalent to, a 
special case of the theorem of Desargues about perspective triangles 
(cf. p. 171). In fact, let 


OA=0'A' and O'A'=0'A’, 
and let us ask whether these vector equalitics entail also that of 


OA and O"A". Now, the first and the second as well as the second 
194 


MISCELLANEOUS NOTES 195 


and the third vectors being coterminal, say in S (a point of the 
z-plane), so also are the first and the third. Thus the triangles 
00'0" and AA’'A” are perspective from the point S, and will there- 
fore, by Desargues’ theorem, be also perspective from a line a on τ 
(Fig. 52). But this means that the lines 00" and AA" will also 


Fic. 52. 


meet on 7, namely on the line a, so that OA=O"A", the transitivity 
which was to be proved. 

Notice that the Desargues theorem appears here in its special 
case, the point of perspectivity (S) being on the line of perspectivity 
(a) of the two triangles. 

The trangitivity of projective vector equality thus established 
can at once be utilized for the construction of equal vectors on 
the same straight line and, in particular, for the doubling of a 
given vector, etc., as shown in the book just quoted. 


B. Various Notations of Products of Vectors. 


The notation for a vector product of two vectors, VAB, intro- 
duced on p. 13 and used throughout the text, is due to Oliver 
Heaviside, who borrowed it from Hamilton’s quaternionic sym- 
bolism. J. W. Gibbs, and after him E. B. Wilson and others, 
wrote AxB for the vector product and A. B for the scalar product 
of two vectors A, B. More recently, H. A. Lorentz and most 
modern vectorists write [AB] for the vectorial and (AB) for the 
scalar product. The corresponding products of, say, A into B+C 
are written [A, B+C] and (A, B+C), which dees not at all seem 


196 VECTORIAL MECHANICS 


convenient for quick reading. On the whole, Heaviside’s notation, 
adopted in this book, has seemed the most convenient. But if 
some of my readers have made up their mind to familiarize them- 
selves with any other of the current notations, I am the last man 
to dissuade them from doing so. Provided they keep always to 
the same notation, a skillful handling of the vector calculus will not 
fail to ensue. 


C. (to p. 65). The Principle of Areas. 


If a system is known to satisfy the principle of areas only for two 
perpendicular axes, then, as was pointed out by Jacobi (Vorlesungen 
iiber Dynamik, Berlin, 1866, p. 33), the principle holds also for a 
third axis perpendicular to those and, therefore, for any axis. 


D. Linear Vector Operators. 


The properties proved on p. 75 for the “ inertial” operator Καὶ, 
and based on its special structure, can easily be shown to hold 
for any symmetrical linear vector operator and, apart from the 
orthogonality of the principal axes, for any linear vector operator 
whatever. 

In fact, a linear vector operator ὦ can, in a most general way, 
be defined as a continuous vector function of the vector operand 
having the distributive property, 1.¢. 


(A +B) =0A + 0B, 
for any two vectors A, B. Whence, (2A)=2wA and, by a 
simple reasoning, if ἢ be any scalar, 
o(nA) =nwA. 


It follows at once that an operator ὦ is completely determined if 
it is given for any three non-coplanar operands a, Ὁ, ¢, that is to 
say, if the values | 

of=a', wob=b’, ac=c' 


are prescribed, For since any vector r can be represented by 
r=%a+yb +c, 
where x, y, 5 are some scalars, we have 


‘=wr =xwa + yob + gue. 


oe 
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The three vector data can themselves be expanded, thus 
(OB = 0442 + Wy ob Ἔχ, etc., 


where «,, in general different from ,, are scalars. The most 
general linear vector operator is thus seen to imply nine independent 
scalar data. 

Now, the principal axes of » are defined as those directions of the 
operand r for which 

wr =r, 

n being a (positive) scalar factor, the corresponding “ principal 
value” of ὦ, The required properties of the operator follow from 
this definition at once. 

First, if x, and x, are two principal axes with equal values of 7, 
we have, for any coplanar vector ax, + /xz, 


(ax, + PX_) =anx, + Bux, =n(ax, + XQ), 
ie. any direction in the plane x,, X, is again a principal axis with 
the same value m. Similarly it will be proved that if three non- 
coplanar principal axes have the same values ἢ, any direction in 
space is again a principal axis with the same value of x. In this 
case the operator w degenerates into a simple numerical factor or 
multiplier of the operand. . 
Again, if the principal values corresponding to x,, x, are different, 
N, #9, there is no third principal axis coplanar with x,, x, For if 
r =Ax, +x, represented such an axis, we should have 


wor = (Ax, + Xg) = AN, X, + NX, 


which would require 7 to be equal to both 2, and #4, contradicting 
the assumption. 

Thus, if #2, +, a third principal axis must be non-coplanar with 
the first two. Let x, be such an axis and let wx,=nx,. Then, 
if r=Ax, +X. + "xX, were a fourth principal axis and m the corre- 
sponding principal value, we should have 


MAX, ἘΜ, + Vg) = AMX, + [Nyy + νη, χα, 
which is only possible for ἢ =, =7,g=Mg, contrary to the assumption. 
Thus, either #,, 7, Ἦς are all different, when no fourth principal 
axis is possible, or two of these values coincide, when there is a 
whole flat pencil of principal axes, or all three values are equal, 
when every direction in space is such an axis, 
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In fine, a linear vector operator has at the utmost three essentially 
different principal axes. 

It does not follow, of course, that every such operator has even 
as many as three real principal axes. It may have but one real 
axis (and two imaginary ones) notwithstanding that all the nine 
constituents @, are real. Only the self-conjugate or symmetrical 
operator, which may be characterized by o,=,, has always 
three real principal axes. 

The symmetrical operator can be defined, without the aid of a 
reference frame (implied by the ,,), as follows. If A and B are 
any two vectors, then in general AwB, the scalar product of A into 
wB, is different from BwA. In particular, if 


ΑΒ =BwA, (S) 


for any A, B, then © is called a self-conjugate or symmetrical 
operator. The orthogonality of the principal axes of such an 
operator follows at once from this definition. In fact, if x and y 
be two such axes with the principal values », and ἡ we have 


ΟΣ ΞΡ Σ, wy, 


whence, multiplying the first of these equations by y and the 
second by x, 

(n, — .)Xy =ywxX —Xwy =O. 
Thus, either πῇ τεῦ, when, as we already know, every direction 
coplanar with x, y is an axis, or ἢ ἐὼν when xy =O or xly. 

Q.E.D. 
The cubic for the principal values of an operator ὦ, symmetrical 

or not, can be most easily obtained as follows. As before, let the 
operator be defined by wa=a’, wh=b', we=c’. Then it can be 
shown without trouble that, if 2 be a principal value, the three 
vectors 

a'—na, b'-nb, σ΄ --ὁ 
are coplanar. Such being the case, we have the equation 

(a’ —na) V(b’ — nb) (c’ — ne) =0, 


which is already the required cubic for. Here a, Ὁ, ¢ is any triad 
of non-coplanar vectors. In particular, if this is a normal system 
of unit vectors, so that a= Vbe, aVbe=1, etc., the cubic becomes 


n® — gon® + βγη — 8, =0, 


a eee 
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where 
g,=a'Vb'c’, g,=aVb'e’+bVe'a’ τον αν, 


f=aa’ +bb’ +cc’. 


This proves also the invariance of these expressions for fo, £1, 82 
that is to say, their independence of the choice of the reference triad 
a,b, 6. For the principal values of w, the roots of the cubic, are 
manifestly independent of any such framework of reference. 
If, for any A, B, 
AwB=Bw'A, 


the operator w’ is said to be the conjugate of ὦ. This Is preferable 
to the definition ὦ, Ξε υ͵κι used in Chapter V. 
An antisymmetrical or skew operator can most directly be 
defined by the equation 
AoB = —BwA, (A) 


to hold for any A, B. This implies AwA =o, for any A. The 
proof that any linear vector operator can be represented by a sum 
of a symmetrical and a skew operator now becomes immediate. 
In fact, if & be the conjugate of the given operator ὦ, we can write 


w=}(w+w) Ἐ (ὦ -- w'), 


Now, the first part of this operator is, by the definition (S), sym- 
metrical and the second, by (4), antisymmetrical. In fact, 


A(w+o)B=Bo A +BoA=B(o+o)A, 
and 
A(w-w)B=Bw A --Βυὰ - -Βίω- ωἿΑ. 


E. Euler's Angles. 


Euler’s angles, mentioned on p. 87, i.e. the three independent 
parameters determining the orientation of a rigid frame free to 
rotate around a fixed point, can be most easily introduced by the 
following vectorial treatment. 

Let i, j, k and a, b, ¢ be two coinitial right-handed systems of 
unit vectors, the first fixed or to serve as a reference system, and 
the second rigidly attached to the frame which can be turned 
around the origin of these vectors. It is required to determine 
the orientation of a, Ὁ, α relatively to i, ἢ, k by means of three 
independent angles. 


200 VECTORIAL MECHANICS 


First, introduce the angle of inclination of ¢ to k, 

i=(c, k), 
so that ck=cosi. This will be one of Euler's angles, commonly 
denoted by ὃ. In the next place define an auxiliary unit vector q by 

βίη ἢ. q=Vke, 

so that, in astronomical language, q will lie along the line of nodes, 
the intersection of the planes a, bandi,j. Then introduce the two 
independent angles, 

f= (a, 4a), 


which has no particular name, and the longitude of the node 

&=(q, i). 
These will be the remaining two Eulerian angles, commonly denoted 
by ᾧ and by y respectively. 

It remains to deduce the formulae for the direction cosines 
a@,=ai, a,=aj, ctc., c¢;=ck in terms of the three angles 7, f, 2; in 
other words, to express the vectors a, Ὁ, c as linear functions of 
i, j, K with coefficients containing only i, f, 2. 

Now, drawing the auxiliary unit vector d coplanar with i, j and 
perpendicular to q, 1,6. 

ἃ --ἰ βίη 2-j cos 0, 

we have 

¢=K cos i+d sin ?=sin i [i sin 2 —j cos 2) +k cos 7, 
which is already one of the required vector equations, embodying 
the three usual cosine formulae 

¢,=cos(¢, i)=sinisin®, c=-—sinicos2, ¢,=cost. 

Next, to find a similar equation for a, notice that both a and q are 
normal to e and that the angle between a and q is f, so that 


Vaq=csinf, aq=cos/f. 
Whence 


VaVaq=a-q cos f=sin fVqe ="! fe cos 1—k], 


and substituting here the value for ὁ just found, 
a=q cos f+sin f [{isin Q—j cos 2) cos i—k sin 1], 


where q =i cos 22 +j sin Q, as will be seen at once from the definition 
of this vector. Having thus found a and e we need not write b 
explicitly. For the latter is simply Vea. 
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Thus, collecting the scattered results, we have the required 
Eulerian expressions for the nine direction cosines a,=ai, etc., 
¢,=ck, condensed in the three vector formulae 

8. --ἰ [005 f cos 2+sin f sin 2 cos 1] 
+j [cos f sin 2—sin f cos 2 cos ἢ 
- sin f sin, 

e=fisin 2 —j cos 2] sini+k cos 1, 

b= Vea. 

With these values of a, Ὁ, α we have for the components of the 
spin p of the rigid frame taken along a, b, ¢, as in (47), p. 59, the 
formulae . 

ba =be = —bé, ete., 
which are identical with the known Eulerian formulae, as the reader 
will easily verify by expanding these expressions. 
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